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Unit 3 Content
: the Year 11 content is assumed l_mOWledge for o100
B ot studying Unit 3 and Unit 4 hiye Comp?etzif'f,

recommended that students s udy :
The examinable content for Unit 3 is as follows:

Topic 3.1: Complex numbers (18 hours)

Cartesian forms
review real and imaginary parts Re(z) and Im(z) of a complex Number 5

3.1.1
312  review Cartesian form . :
313  review complex arithmetic using Cartesian forms

Complex arithmetic using polar form
314  use the modulus |z| of a complex number z and the argument Arg(2) of a no
complex number z and prove basic identities involving modulus and argumen

315  convert between Cartesian and polar form
3.1.6  define and use multiplication, division, and

form and geometric interpretation of these
3.1.7  prove and use De Moivre’s theorem for integral powers

powers of complex numbers jn pola

The complex plane (The Argand plane)

3.1.8  examine and use addition of complex numbers as vector addition in the comp]

plane
3.19  examine and use multiplication as a linear transformation in the complex plane

3.1.10  identify subsets of the complex plane determined by relations such as

lz-3i <4, gsArg(z)s?;i‘ and [z-1| = 2z

o e
i i S

Roots of complex numbers

3.1.11 determi :
S e e i roops of unity and their location on the unit circle

3.1.12 determine and examine the
nth
complex plane foots of complex numbers and their location in the

Factbrisation of polynomials




Topic 3.2: Functions and sketching graphs (16 hours)

Functions

g%; ge:errmn: e when the composition of two functions is defined
2 etermine ?he composition of two functions
323 c’fetermu}e if a function is one-to-one
33‘51 find the Inverse function of a one-to-one function
2 examine the reflection property of the graphs of a function and its inverse

Sketching graphs

326  useand apply | x| for the absolute value of the real number x and the graphof y =| x|
327  examine the relationship between the graph of

y=f(x) andthegraphsofy=f(1—ﬂ,y=|f(x)| andy=£(|x])

328  sketch _the graphs of simple rational functions where the numerator and
denominator are polynomials of low degree

Topic 3.3: Vectors in three dimensions (21 hours)

The algebra of vectors in three dimensions

331 review tl:le concepts of vectors from Unit 1 and extend to three dimensions, including
introducing the unit vectors i, j and k
332  prove geometric results in the plane and construct simple proofs in 3 dimensions

Vector and Cartesian equations

333 introduce Cartesian coordinates for three dimensional space, including plotting

points and equations of spheres

334  use vector equations of curves in two or three dimensions involving a parameter and
determine a ‘corresponding’ Cartesian equation in the two-dimensional case

3.3.5 determine a vector equation of a straight line and straight line segment, given the
position of two points or equivalent information, in both two and three dimensions

33.6 examine the position of two particles, each described as a vector function of time,
and determine if their paths cross or if the particles meet

3.3.7  use the cross product to determine a vector normal to a given plane

338  determine vector and Cartesian equations of a plane

Systems of linear equations

recognise the general form of a system of linear equations in several variables, and

3.3.9
use elementary techniques of elimination to solve a system of linear equations

3310 examine the three cases for solutions of systems of equations - a unique solution,
no solution, and infinitely many solutions - and the geometric interpretation of a
solution of a system of equations with three variables

Vector calculus

3.3.11 consider position vectors as a function of time Myl ' :
derive the Cartesian equation of a path given as a vector equation in two dimensions,

3312
including ellipses and hyperbolas : : .
33.13 differentiate and integrate a vector function with respect to time . -
3314 determine equations of motion of a particle travelling in a straight line with both

constant and variable acceleration

3315 apply vector calculus to motion in a plane, including projectile and circular motion



ent is assumed knowledge for students T
€ar ]2

. 11 cont
derstanding of the Year - it 3 and Unit 4 have
x‘:::lolr]:men ed that students stucy’ns I}Iorll;owg completed Uni¢ 1 ang 1. tis
The examinable content for Unit 41s as : Uiy . |
Topic 4.1; Integration and apphcatlons of integration (20 hOurs)
Integration techniques
411 integrateusing the trigonometric identities
! Darly
sin?x = 21. (1- cos2x), cos’x = 5 1+ cos2x) and 1 + tan®x = sec®x
412  usesubstitution# = g(x) to integrate expressions of the form f (g(x))g’(x)
1
413 establish and use the formula J = de=In|x|+cforx#0
414  use partial fractions where necessary for integration in simple cases

Applications of integral calculus

4.1.5
4.1.6
4.1.7

calculate areas between curves determined by functions
rmine volumes of solids of revolution about either axis

dete
use technology with numerical inte gration

Topic 4.2: Rates of change and differential equations (20 hours)

Applications of differentiation

use implicit differentiation to determine the gradient of curves whose equations
are

421
given in implicit form
422  examine related rates as instances of the chain rule: g—z = ;i_y X %
u " dx
423 i 4
apply the incremental formula dy = d—z dx to differential equations
424  solve simple first i i i
p order differential equations of the form g—z = f(x); differential
equations of the form g . i :
. 7z & (¥); and, in general, differential equations of the form
5 o =f(®) g ) using separation of variables .
.25  examine slope (directi
406 s dgfeigzigilgguzrﬁ%rad1fent) figlds of a first order differential equation
example, chemistry, biom anz, 1nclud1r!g the logistic equation that will arise in, for
8y and economics, in situations where rates are involved
Modelling motion )
427 i
consider and solve problems involvi
volving motion in a straight line with both constant
f

aIld non-const use O
ant ac C i ]’n C 1 tion

expressions, -Z—v v dv and & (1 2
£ dx dx (i”) for acceleration



Topic 4.3: Statistical inference (15 hours)

Sample means

4.3.1

4.3.2

433

examin Y 3
e the concept of the sample mean X as a random variable whose value varies

between sampl i h ¢
deviatich o ples where X is a random variable with mean p and the standard

si :
olfmulate rePeated |:andom sampling, from a variety of distributions and a range
sample sizes, to illustrate properties of the distribution of X across samples of

a fixed size n, including its mean pu its standard deviation A (where pand o are

Jn
tl:le mean and standard deviation of X ), and its approximate normality if n is large
simulate repeated random sampling, from a variety of distributions and a range

of sample sizes, to illustrate the approximate standard normality of X4t for large
s

Jn

samples (n 2 30), where s is the sample standard deviation

Confidence intervals for means

434

43.5

4.3.6

4.3.7

examine the concept of an interval estimate for a parameter associated with a

random variable

examine the approximate confidence interval ()_( - .fli_ X+ ﬁ) as an interval estimate
n n

for the population mean y, where z is the appropriate quantile for the standard

normal distribution
use simulation to illustrate variations in confidence intervals between samples and

to show that most but not all confidence intervals contain p

use ¥ and s to estimate u and o to obtain approximate intervals covering desired
proportions of values of a normal random variable, and compare with an
approximate confidence interval for p




; : topic in both the calculat
The following table shows the plme q:‘?f:::l:?:ﬁ:ii: tighthz%verall emphasis exan?i;:rrze h(acv?:lx;feilakulak’r assum,

i r over the last six years. 11€ ; : ) f On indjy;: ;. ned
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: Ce, .

Cartesian and &
Polar Forms CA 10 il labc -\5\\
9 B
Powers and CF 8 7 ‘\3\
Roots of Complex 7 19 10 13 \\
Numbers CA e o, e d
P e : S
Graphing in the B
ComplexPlane  [cA 10 L4 At i Iid ..\5\
]
Solving Polynomial EETTNN \i‘
Equations CA 0
Composite and CF| 1,8d —_ __L
Inverse Functions [caA 0
el \
Absolute Value CF| 8ab. 5 4 7 35 4 7
and Rational L
16 14 21
Functions CA 12 - — 4
7 8 2 BN
CF 7 : 4
Vectors P 17 16,19 20a el BT
Applications of CF 0
Vectors in Three 14
Dimensions CA 2 .
Vector Calculus in CF 0
Two Dimensions  ca 16 15 19 13 12 19 6
Systems of CF 6 . Lo 3
Equations CA 8 14 2
Implicit CF 6a,b 1
Differentiation CA 17a 12a 20 18 4
CF 0
Related Rates
CA 15 11a 18 20b 9 5
Integration CF 4 ‘ 6 3 6cd, 7 3,5 7
Techniques CA 9 ‘ 16b 2
Integration CF 5
Techniques and . St e ! i
Trigonometric CA
Functions g
] 3:‘;33 and CF 8 8 8 3
olume
CA| 13,17bc 12b 15 9,16 13 7
/ Differential CF 0
Equations
CA 18 11,17c,d 18 11,17 19 10 8
CF
Modelling Motion 0
CA 1
1 17ab 13 18 14 12 6
Sample Means CF
and Probability 0
Distributions CA | 19b.cd
Sample Means CF 4 = i s 4 :
and Confidence : 0
Intervals CA 19
13 16 15 17,18 | 15017 | 8




Cartesian and Shanter
Polar Forms 1

1. [7 marks]

(MSPEC 2016:CF02)
Give exact expressions for each of the following in the form a + bi:
2_.
() ==L, [3]
(1-1)

0 (F-i). 4]
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Creelman Exam Questions: Mathema
2. [4 marks]
(MSPE
C 20717
17.(:‘1:1)

Letz=a-bz',wherea>0,b>0. Considerw =z +iz.

Determine the possible value(s) for arg(w).



Chapter 1: Cartesian and Palar Forms

3. [7 marks] (MSPEC 2017:CA10)
Consider z = 1 - i shown in the complex plane below.

Im
A
T
|
o ._.l“ 5 -
- -
e 1 |
. "
- $ Re
R A EmaE A
W NRE
ol |
3
|
v
(a) Express z in polar form. (1]
(b) Hence express 22, 23 and z* in exact polar form. (2]
(c) Sketch the complex numbers z2, 23, z* as vectors in the given Argand diagram. (2]

: : Bl Y
Consider the geometric transformation(s) applied to transform z = z 2 z* elc.

(d) Describe the geometric transformation(s) performed by successive multiplication by z. [2]



Creelman Exam Queshotis B
4 [9 marks]
(@) Letz=at+hi be any complex number.

v 2-1 -
Obtain an equation relating a, b given that Re ( T) 0.

(b) Letz=rcisf be any complex number. Obtain an expression for:

() 2 intermsofr, 0.
z

(i) arg (z +r) in terms of g,

Mspc Wig,

Iy

B3]

3]

i o SR



Chapter 1: Cartesian and Polar Forms

5. [10 marks] (MSPEC 2019:CA12)
Letw= ﬂ :

2
(a) Express w in the form w = r cis6, where -1 < 6 S . [2]

The complex number z is represented in the Argand diagram below.

(2]

(b) Express z exactly in the form z =a + bi.
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xam Questions: Mathem

Ccreelman E
7. [6 marks]
ey M
Letz=rcis@bea complex number such that T<g<m SPEC 202.
7 . .CAIS)
(a) Express in terms of rand @the complex number __z
~2(i+1)
3)

(b) EXpress
a=Arg(z - ri) in
terms of 8 wh
ere0<a<2rm
3]



Chapter 1: Cartesian and Polar Forms \
8. 4 marks] (MSPEC 2021:CF01)
The Argand diagram below shows the complex numbers z and z + 2 where z = cis('—r) g

Im
A
P . = port2
4 } { }> Re
1 2 3

(1]

Determine the exact value for:

(@) Arg(-2).
i3]

(b) |z+2].



Crooiman Exam Questions: Mathemstics Spee
) 15 marke] i lane below.
Two complex numbers 2 and zj are chown in the Argand p
Im
4.}
34 .
2J- .. . .‘
Lo B8 I/ X
P Re
R = I~3-9.3 4
_3«-4..
oW ,oz':'

(a) Write the expression for z; in exact polar form.

(b) Write the expression for z; in exact Cartesian form.

(c) Plot the complex number iz; on the Argand diagram above.

d}‘q

2l

(1l

2l



Powers and Roots of Bl g ptnr
Complex Numbers

1. [9 marks] (3CDMAS 2015:CF8)

The points given by the complex numbers 21, Z9, 23, 24 and zg form a regular pentagon in the
complex plane such that each complex number is a solution to the equation z5 = k. It is known
that 25 = 2 cis (-36°).

Im(z)
A
o
k i
< > Re(z)
z.i
% Zs
24
v
(a) Determine the value of the constant k. (2]

(b) If zp = 2cis(x), determine the exact value for the real number x, where x is in radians. [3]



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022

1. (cont)

(c) Show thatz4 = ;2,

It is found that the roots to the equation P =karesuchthatz; +zp+ z3+ z4 + z: =
5= 0.

Let the complex number w = cis ( g) .

(d) Provethatw + w+w +w =1.

s,

[

3]
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2, [7 marks] (MSPEC 2016:CA14)

Consider the complex equation z* = -16i.

(a) Solve the equation giving all solutions in the form r cisf where -r< 0 s [4]

Let w be the solution to z* = -16i that has the least positive argument.

(3]

(b) Determine the value for arg (w + 2).

13

o

ey



ourse Units 3 and 4, 2022

Creelman Exam Questions: Mathematics Specialist ATAR C
3. [7 marks] (MSPEC 2017:CA19)
Consider the complex equation 2:6=1+ 3.

form rcis@ where 0 < 0 < g [4]

(a) Solve the above equation, giving solutions in polar

g s

3 l

first quadrant
of the c
omplex plane, determine the possible val
value(s) of n. Justi
- Justify your
(3]

answer.



Chapter 2: Powers and Roots of Complex Numbers

4. [4 marks] (MSPEC 2018:CA10)
Consider the complex number z = /3 + .

Show that, for all positive integers n, (z)" - (z)" = 21 gin ("—6-7[) 5



Mathematics Specialist ATAR Course Units 3 and 4, 20
, 2022

Creelman Exam Questions:
5. [4 marks]
Consider the complex equation M -1=0,whereni (MSPEC
’ nis aI‘lY pOSil’iVe in 2019
teger n 2 3 'CF 9)
et Zy=1s then det i .
n-1 ermine the exact valye fq b
r the
Prody,
t

If the roots are designated as Zo 21 22 -
of theroots p = Zg X 21 X 22 X = X 2.1



Chapter 2: Powers and Roots of Complex Numbers
6. Sl (MSPEC 2020:CE8)

2020
Consider the complex sum: 2 ni" =1 + 22 + 33 + __ + 2020i2020

n=1

Express the value of this sum in the form r cisO@ where -n < 0 <m.



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022

7. [‘4 marks] (MSPEC ZOZOICAIS)

Solve the equation z* = 8./3 + 8i giving exact solutions in the form r cis@where -t < 0< .



Chapter 2: Powers and Roots of Complex Numbers
8. [5 marks] (MSPEC 2021:CF07)
Ei 2;':3%";}021 can be expressed as a product of two consecutive prime numbers:

Consider the complex equation 243 = 1.

(a) Write an expression for the roots of z33 = 1. (2l

Let w be any one of the roots of the equation M =1,

. -y .
(b) How many of these roots will also be a solution of the equation z* =1? ol

Justify your answer.



Chapter

Graphing in the
Con’;plex Plane

(MSPEC 2016:C4y,

1. [9 marks] o
number z = X + 1y given by:
On the Argand planes below sketch the locus of the complex y
@ [|z-2i =1. B3]
Im(z)
< > Refz)
-2 2
=2
Y
(b) lz=1+ilz|z+1-i. Bl
Im(z)
A
: -2 1 — Re(z)
=2

(c) For thelocus |z-2i| =1from part (a), state the exact maximum value for lz+2].

v
3]



[6 marks] Chapter 3; Graphing in the Complex Plane
A circle and 3 ray are indicateq (MSPEC 2017:CFs)
Point C is the centre of the cirecl “I" the complex plane, The ray has equation arg(z) = tan”1(2

€. Foint P is the Intersection of the circle and the ray. "R
Im (2)
T 1
I L2
A 1N
[ 1)
= 0/ > Re (2)
—2 -1 1 2
(@) Determine the equation for the circle. (2]

Point P determines a complex number w = r cis.
(b) Determine the exact values for r, @

(4]



alist ATAR coursé Units 3 and 4, 2022

Creelman Exam Questions: Mathemalics Speci
3.
o [8 marks] (MSPEC 2074
sketch of the locus of a complex number Z i shown below: Write equations or in Cay
m (2)) for each of the following: equalities

int oyl
erms of z (without using X = Re (z)ory = I

@ Im
MfT‘LI.-_.___ B B)
f!__f;.. 1 ff = f 1
ﬁ'f‘“/;{\*‘/*
S
(b) e
A
2]

Fiu ’ Re




Chapter 3: Graphing in the Complex Plane

3. (cont)

The sketch in part (a) from the previous page is repeated below, with only the circle indicated.

Im

—1

il

: + +> Re
- |1 )

-l‘-!
R

\\/

—

—

3

(c) For the locus above, determine the maximum value for arg (z) correct to 00[%i
where 0 < arg (2) < 2.

—
I



Creelman E
xam Questions: Mathematics Specialist ATAR Course Units 3 ond 4,2022

:';1 [5 marks]
e sketch
of the locus of a complex number 2 =X + iy is show

(MSPEC 201941,

n below.

value of the constants zyand k
2]

(b) Determin ini
e the minimum value for |z-i| as an exact value
- 3]



Chaper 9. Lfgpiung iy 1N Lomplax Plane

5. [7 marks] (MSPEC 2020:CA10)

(a) The sketch of the locus of a complex number z has been shown below. Write equations or
inequalities in terms of z (without using x = Re(z) or y = Im(2)) for the indicated locus.  [4]

1.-
<t—t td $ }—+—> Re
-1 1 2 4
] +
54
1 4

B ! 2 - b

G



3 and 4, 2022

Creelman E :
xam Questions: Mathematics Specialist ATAR Course Units
(MSPEC ZOZI:CAHd)

6.
[4 marks]

A sket

is partcgfc;fctil;illocus of a complex number z

X=Re(z)ory = Ie' centred at z = i, Write equations or in
m(z)) for the indicated locus.

is shown below. The upper boundary of the |
equalities in terms of z (without u:?:s
£




SOlving Polynomial Chapier
Equations 4

1. [7 marks] (Projected CF)

(@) The function f(z) = 22% + az2 + bz - 1 has a factor of 2z - 1 but a remainder of -6 is left
when f () is divided by z + 1. Find a and b.

(b) Solvef(z)=0.




: 2
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 202
= [5 marks] (MSFEC 016,y

CotiEides F(z) =23+ 222 _ 57 +12 where z is a complex number.
(@) Show that (z +4) is a factor of f (2)- @

(b) Solve the equation z3 + 2z% - 52+ 12 =0.

3]



Chapter 4: Solving Polynomial Equations

3. [6 marks] (MSPEC 2017:CF2)

Consider f(2) =223 - 5;2 4 4, _ 10 where z isa complex number.

(a) Show that (z- .2 i) is a factor of f(2) (2]
(b) Given that (z - /2) is a factor of f(2), state another factor of f(z). [1]

(c) Solve the equation 223 - 572 + 4z - 10 = 0. 3]



3 and 4, 2022

urse Units

Creel ematics Specialist ATAR e
reelman Exam Questions: Matl

SOERE 20]3:@7}
4 [6 marks] <0
' ar form r cist.
. 3,1 =0 giving solution® in polar b
(3) Solve the equation =* + 1 =0giVING ]
It can be shown that P(z) = S5 _94453+72-2z+5can be written in the form
P(z) = 2 +1) Qez).
(b) Determine Q(2). 0

(c) Hence solve the equation z° - 224 + 523 + 22 _
form a + bi.

2z +5 = 0 giving all solutions in Cartesian

2

|
|
|
"



Chapter 4: Solving Polynomial Equations
5. [6 marks] (MSPEC 2019:CF2)
Consider the function P(z) = 24 _ 9,3, 1422 - 82 + 40, defined over the complex numbers.
(a) Show that (z - 2i) is a factor of P(z).

2

(b) Hence or otherwise, solve the equation P(z) = 0, giving solutions in the form a + bi.

4]

—T

i



L'Omposite and Inverse Chapter
Functions 5
=

1. [11 marks] (Projected CF)
Letf(x)=1 -x2forx20 and g (x)= J/1-x.

(a) State the domain and range of 8 (x). &

(b) Determine expressions for f (g (x)) and g (f (x)). [2]
Note: Jx—z = |x| and (Jx)* = x.

(c) Determine the domain and range of f (g (x)). [2]
(d) Findg™ (x). 2]
() What is the relationship between f (x) and g (x)? : [1]

(f) Another function (x) is a one to one function and has a domain of x 2 2 and range
y < 1. State the domain and range of h1 (). 2]

21



2022
ourse Uni
Mathematics Specialist ATARC (MSPEC 2016:CFOI
Creelman Exam Questions: Ma

2. [4 marks]

- and g (x) = T
Functions fang g are defined as f () = In(x) I
1]
(@) Determine an expression for g ° f (¥)-

(b) Forgef (x), state the: !
2

(i) domain.

[1]

(i) range.



Chapter 5: Composite and Inverse Functions
3 5 marks
3 [ ] (MSPEC 2016:CF08¢,d)
The graph of f(x) = (x = 1)> - 4 is shown below

L
]

=3

=5

(a) The domain of function f is restricted to x < k so that y = f~ I(x) is a function. If this
restricted domain represents the largest possible domain, state the value for the constant k.

Explain. (2]

k, determine the defining rule for y = f 1x). Also state the
(3]

(b) Using the restriction x <
domain for y = f~(x).



2
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 202
- [9 marks] (MSPEC 2017.cpy,
Function fis defined as f (x) =1 - Jx—4.The graphof y = f(x)is shown below.

h 4

|
|
B
|
|

\

D

h

W

L

\ i x
2 -,] 1 2 3 5 '\j__,_
(a) Sketch the graphof y = f -1(x) on the axes above. 2

(b) Determine the defining rule for y = f -1(x) and state its domain. o)



4. (cont)

Function g is defined as g (x) = L |

X

(c) Determine an expression for fo g (x).

(d) Forfe g (x), determine the domain.

Chapter 5: Composite and Inverse Functions

(1]

(3]

e T EN T



i
:
|
3
!
H
:
R
-

(MSPEC 2018:CFy) ;
4
5. [5 marks] i
1
Functions f, g are defined such that: |
f@)= 573 |
g =25
x=-2 "
(a) Determine g ° f(x).

(2]
(b) Determine the domain for g © f(x).

(c) Given thatf -1(x) = x? + 3, is it true that 1-1)=4?

2]
Explain.



Chapter 5: Composite and Inverse Functions

6. [7 marks] (MSPEC 2019:CF4)
Functions f, ¢ and 1 are defined such that:
.1 = '
f@)= 5,8 =% hix) = J&.
(a) Determine the defining rule for f (h(x)). (1]
(b) Determine the domain for f(h(x)). (2]
(c) Determine the range for f ((x)). 2]

(d) Isit true that f (h(g(x))) = ;1—1 = £ (x) ? Justify your answer. 2]



ATAR Course Units 3 and 4, 2022
t

Creelman Exam Questions: Mathematics Specialis (MSPEC 2019-C

7. [6 marks]
The graph of y = g(x) is shown below.

(a) Sketch the graph of y = g"1(x) on the axes above. [3]

: 1 2 :
(b) Given thatg(x) = E( x-4)" -3 where x <4, determine the defining rule for y = g7l(x). [3]



Chapter 5: Composite and Inverse Functions

8. [11 marks])
sk o ' (MSPEC 2021:CF02)
The grap unctions fand g are shown below;
y
- A
i | . 1
- 3 S
2 i
| -
: ; 1 ; f(x)
N . *“““E
< . . x
_3 ., T .__L_‘,__ 1--2-1-3 | x
| :
L2 |
I =4 -y
-1{ :
_5 IR . i
\4
(a) Sketch the graph of function f on the same axes used for function f. (2]
(b) Explain why the inverse of g is not a function. (1]

The defining rule for function fisf(x) =2 - 2./3 - x where -1<x<3.

(c) Determine the rule for y =f" 1 (). [3]



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022
8. (cont)

(d) Determine the exact value for g(f (0)). o

() Determine the domain for the function y = f(g(x)). Justify your answer. 3]



1. [6 marks] '\
(MSPEC 2016:CF08a,b) '|

The graph of £ (x) = (x - 1)2 - 4 is shown below

>
A

W

5

4 !
3
2

\L 4 [

B

=4

)

Y

(a) Sketch the graph of y = f(ix) on the coordinate axes below. [4]

(3))]

r—

a
NS

0y
oo
=
L]

-5 4 -3 -2 -, y




list ATAR Course Units 4 and 4, 2022

i a
Creelman Exam Questions: Mathematics Speci

1. (cont)
rdinate axes below.

(b) Sketch the graph of y = ([x]) on the C00 [2]

- X

3

=1

-2

=3

=5




Crapner & Abanlute Value and Rational Functinng
2 [6 marks)

(MSPEC 2016:CA12)
The graph of /(x) =a |x b} « ¢ is ety i edow:
'
)
; ?\
!
2 |
"’
-2 2 3
Y
(a) Determine the values for the constants a, b and c. [3]

Consider the equation |f(x)] =d.

(b) If the equation |f (x)| = d has exactly four solutions, state the possible value(s) for the
constant d. Explain. (3]



d 4, 2022
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3. 6
[6 marks] (MSPECZOU-CFS
Sketch the e
gra h - 4(.1'-'3 x+
phoff(x) =- — )(x+1) ;1 the axes below.
x"-2x-8
f)
T r8-+—
T 1T T 7 TR
(1 1 |~ | | |
] | : i T T i
} 3% .- ? |
T
‘ A A | :
R e A
D -4 | H t : }
! ‘!'_'! Ll {2 14 ks
. 12 ! | g o ot ety
| et 1* T
| T RIS L i
| ST | |
| gl | | ) %1
t . ! { :
| R S . - a | |
P 1 A I
HREEEE | |
: T L
—10 ! | '
]




Chapter 6: Absolute Value and Rational Functions

4. [3 marks]
(MSPEC 2017:CA16a)

nction fis defined by i
Fu f Y 1ts graph shown below. The constants a, b > 0 where b > a.

JS(x)
A

Determine the defining rule for function f (x) in terms of a, b.



T

" . M
jons:
creelman Exam Ques!
re

5. [4 marks] )= b) ;s shown be

k(2
The graph of f(¥) = (x ,.(;)(,1 ~d)
Y

— T

f‘LwJMf +
ganni i

..,__6 E

I !
2 ] e I
l

Determine the value of the constants, a, b, ¢, d and k.,
L e ’ c e | k

& I

Explain your choice for the value 6f k




Chapter 6. Absolute Value and Rational Funclions
(MSPEC 2018:CA14)

i [9 marks]
The graph of ¥ = f(x) is shown below,

<
-2 -1
- (4]
(a) On the axes below, sketch the graph of y = [ ek
y
i i, s S

st
¢ [ SO
IR R, NI

B e B E e

| SR




Crestman Exam Queetions: Mathermafics Specialie! ATAR
6. (cont)
(b) On the axes below, sketch the graph of v "f('l-"”- [3)
y
1
I
Y I —
- 4 = x
g - 1 2
] |
i T I S
/ | |
N
B —=2 ii - l_____ )

(c) Solve the equation If(x)-1]=1.
(2]



o [4 marks] Chapter 6: Absolute Value and Rational Functions

The graphs of y = f{| x|) and Y= 19 lare N (MSPEC 2019:CF7)
§ 4 ow,

Given that y =f"1(x)  is also a function, sketch a possible graph for y =f(x) on the axes below.
Justify your answer considering y = rl(x).

ffrr%

l

|
|

-—

e \..,L_ b
i | |

N
.
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8. [6 marks) - given by
ni
The graph of ¥ = flx) is shown on the axes below. The dehi

ﬂ.‘-l') - ﬂ(."z - b)

iti tants.
i é are positive cons
(x+c)(x=-a) where a, b, c and d are p

S&)
A

B2

L

e L T
B L R

o e el S S S S N 0 o, S S (TN SN S S [ 1 >
;\- ; : : > x
._8 f._6 | aseif] ”t a _!u“ HAi 6

f i
dewmccem et e e a——

I

1

!

i

}

{

1

]
[}
_;__-2&!— ! ‘-- ”
] | ] p
] ¥ S - ’7 i
i o ‘-
1 ‘ i h i
- ’ - ]._- . Pea— y -
O N € A N R
I | !
| | | l | .
u: _Fe_- i :, -!
H 1 [ i
I N 1. !
i 1] ]
] i . '
""'LB"' -¢:
Y OV .

Determine the value of the constants 4, b, c and 4. Justify your answers.

S c d




Chapter 6: Absolute Value and Rational Functions
9, [7 marks]
(MSPEC 2020:CF5)

hof fix) =1 - X+11
The graph of f{x) =1 * 11 is shown below,

v
(a) Sketch the graph of g(x) = )% on the axes below. [4]

g(x)

il

<—t—t ————t—> X

(b) Hence give the domain and range for h(x) = i_—_|2_+ﬂ : 3]
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10. [5 marks]
The sketch of the graph of y = fix)

is shown below:

Pt :
onsider the equation |f{x)| = k where k is any real constant.
Defi i =
ine function N(k) = the number of real solutions to the equation [f(x)| =k
Sketch the graph of function N(k) on the axes below.

NGk
s}

|
o+
&
&y
A
|
-—
-—
N
w
B
-
v
=~




Chapter 6: Absolute Value and Rational Functions

11. [5 marks]
(MSPEC 2021:CF04)

Consider the function f (x) = X2 4 ) 3
T =x-1-

x+1°

cketch the graph of the functi x
intercepts and any asymptotes, ON ¥ = f(x) on the axes below. Indicate clearly the x and y

&
1]

o

N
T

- |-

N

Q-

<.

q:-n 3




Chapter VeCtorS

1.
[7 marks] (MSPEC 2016:ry
. 7)
- 4 0
Point i
s A, B have respective position vectors [0] and (—2] .
3 5
(a) Determi - AB
ermine the vector equation for the sphere that has AB as its diameter. [
3]

If th : : 240 :
e point O is the origin, consider the plane that contains the vector a)ﬁ d OB
S and OB.

(b) Determine the vector equation for this plane in the form
rim=c [4]



Chapter 7: Vectors

2 [10 marks] (MSPEC 2017:CF7)

A right rectangular prism, with square base OADB, is shown below. Point O is the origin and

. 4 0 0
points A,B,C have respective position vectors ol-|4l/]o0 where ¢ > 0.
0 0 c
z
A
C E
G F
- Y
B
D
»
x

(@) Determine, in terms of ¢, the:

(i) vector equation for the line containing points A and E. [3]



_— its 3 and 4, 2022
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2. (cont)

(i) Cartesian equation for the plane ADEC. [4]

— —
In general, the main diagonals AE, BG are not perpendicular to each other.

(b) Determine the value of c so that the main diagonals of the prism are perpendicular to
each other. 8l



Chapter 7: Vectors

3. [5 marks] (MSPEC 2018:CF8)
A parallelepiped is a prism where each face is a parallelogram. Let OAPB be the

parallelogram formed by the horizontal sides a = 671 and b = O-_)B where

st 3]

0

3
6
0

a =

-1
The third side that forms the parallelepiped is ¢ = OC where ¢ = [ 2 ] .
5

Let 6 = the size of ZAOB

¢ = the angle between (TC> and the positive z axis

(2) Determine axb. [2]

Scanned with CamScanner
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3. (cont)
g the formula Volume = Area (Base) x h

The volume of any prism can be found by considerin
where I = the perpendicular height of the prism.

It is also true that |¢3 X E~J| = |r3| |£J| sinf.

(b) Explain why c- (a x b) will determine the volume of the parallelepiped. 2]

(c) Hence determine the exact volume of the parallelepiped. (1]



Chapter 7: Vectors

4. [7 marks] (MSPEC 2018:CA17)
. 3 -2 2
Plane IT is represented by the equation: r=1q|+A| 2 [+ 1
S 3 0
. -2 2
(@) Determine | 5 |x| | [and describe what this represents. [1]
3 0
(b) Show that the equation of plane IT can be written as x - 2y + 2z = 11. [2]

Consider sphere S with its centre at point A (3, 4, -1).

(c) Determine the Cartesian equation for § if plane IT is tangential to this sphere. [4]



ATAR Coursé Units 3 and 4, 2022

Creelman Exam Questions: Mathematics Specialist (MSPEC
2019:
5. [12 marks] CAIG)
Plane IT; has Cartesian equationz=2x + ¥ * 4.
(@) Determine a vector that is normal to plane IT- 2
_ 2 1
Line Lhasequationr = o [ +A[ »
3 -1
3]

(b) Determine the point of intersection between line L and plane IT;



Chapter 7: Vectors

5. (cont)
Plane IT; contains line L and is perpendicular to plane ;.

(c) Determine the vector equation for plane Il,. 4]

Sphere S has vector equation |:— (Bi+j+ 4{:)| = ./35.

(d) Determine whether line L is a tangent to sphere S. Justify your answer. [3]



nd 4, 2022
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Cre
elman Exam Questions: Mathematics Specialist A

6. [4 marks]
given by:

Two
parallel planes I1; and IT; have their equations

M ren=11

nd -~

k=Y

nz ren =
n=-4 where n =| p

o~ -~

o

It is kn
] own that (2,3,-7) is a point on plane Iy
rove the distance d /
between the poi
point (2,3,~7) and plane [Tz 1 given by d = 2
~ .
a + bz + cz




Chapter 7: Vectors

7. [5 marks]
(MSPEC 2020:CF2)
Plane II has vector e€quation , = g + A ; % :
. 0 o I |
4 1 2

(a) Determine the normal vector n for plane II.

[3]

(b) Determine the Cartesian equation for plane II. [2]



022
(MSPEC 2020:CA2q,

vectors for points A, B pe
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.c{ ATAR Course Units 3 an
Creelman Exam Questions: Mathematics specialist A

8. [5 marks] 1.0 posiion
. i o e
Consider square OACB where point O is the origin Let the p
’ 2 -
defined as a, b respectively i.e. OA =a and oB=1b.
—> — 2 =
AQ =kp, RC = ka and SB = kb where

—_
. . that OP=ka, . . .
Letipoinis I, @, Riand She Slefizess £ sitioned along their respective sides in

0 < k < 1. This means that points P, Q, R and S are pO
equal proportion.

]
0 S B

Using vector methods, prove that the size of ZPQR = 90°.



Chapter 7: Vectors
9. [8 marks] (MSPEC 2021:CA16)

A rectangular prism is defined using the coordina ith A (2,0,0),C(0,4,0)
. te system shown wi 4
and T (0, 0, 3). Point M is the ccnlrc%)f the plan;r faocS)OCFT with coordinates (0, 2, 1.5).

4

(a) Determine the vector equation for the prism’s main diagonal BT. (2]



i 4,2022
s o urse Units 3 and 4,
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9. (cont)

tains all vertices of
(b) Determine the Cartesian equation of the sphere that con the

3
rectangular prism.

— —
(¢) Prove, using a vector method, that line AM does not intersect BT,

[3]



LA EECRLEUTLD ()] vectors | o
in Three Dimensions

1. [4 marks] (Projécted CA)

Two particles, A and B, leave their initial positions at the same time and travel with
constant velocities,

Particle A has initial position 10i - 5j + 5k metres and is travelling with velocity 3i +j - 2k
m/sec. Particle B has initial position at the same time as A at 28i + 22j - 31k metres and is
travelling with constant velocity 2i - 4j + 4k m/sec.

Find if the particles collide or whether or not their paths cross.




Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022
2 [7 marks) (3CDMAS 2015:CA1g)

Archie and Brianna are two radio-controlled drones carrying ciimter?/s;l: :::}:;18 z]ae: ML
Point with position vector 2j - 3j + 5k kilometres at 2 pm, and tra Onstant
velocity of 10j - 10j - 5k kilometres per hour.

(@) Find the speed at which Archie moves. - 1]

®

) Calculate the Position vector of the location of Archie at 4 pm.

(1]

ol : .
ed uc-iar::li,‘s?m leaves the Point with position vector -0 + 10j - 30k
rianna nstant velocity of 30; — 30j - 15k kilometres per hour.
(c) Calculate the position vector of the location of Brianna at any ti
y time ¢, (1]



Chapter 8: Applications of Vectors in Three Dimensions

2. (cont)
(d) Find an expression for the vector representing the distance between Archie and Brianna
at any time ¢. 1]
(e) Use calculus to determine the shortest distance between Archie and Brianna. [2]

(f) Correct to the nearest minute, at what time are they closest? [1]



R Course Units 3 and 4, 2022
(MSPEC 2016:CA2p)

Creelma i
n Exam Questions: Mathematics Specialist ATA

3. [7 marks]

A laser poi .
bouncfes? (())l:;1 tt]ir at point 5 directs a highly focused be
e mirror at point B and is then reflected

am of light towards a mirror. The b
away from the mirror toward poime;m

The m'n-ror:s
surf is o & :
ace is given by the equation 7'~ (j+2k) = 9 and the laser pointer is positioned
~ ne

at point S with .
(o] . .
position vector -2i +3j + 6k. The Jaser pointer is held so that the be
am is

pointed in the directi )
e direction dy =i +i I

=

(a) Determi i
) ermine the position vector for point B

4]



Chapter 8: Applications of Vectors in Three Dimensions
3. (cont)

The laser beam is reflected away from the mirror so that:

« the angle of the i mcormng beam SB to the normal of the mirror is equal to the angle of the

reflected beam B R to the normal of the mirror i.e. s/ SBN = s/ NBR.

+ the incoming beam SB the normal of the mirror and the reflected beam BR are all
contained in one plane.

— .
Let d 2 = the unit vector in the direction of the reflected beam BR i.e. |r~i 2| =

(b) Determine the unit vector d, giving components correct to 0.01. (3]



re ist AT, Units 3 and 4, 2022
ions: Mathematics Specialist ATAR Course
Creelman Exam Questions: Mathe ( | )

4. [7 marks] I position, it flies in a straight line

ing i initia
A small drone is launched and, after hovering in an ini i givenT
under the control of its operator. The position of the drone from the op gl y

e where I is the time in seconds it has been flying in a straight line,

) =| og |metres
50-0.02¢

The top of a mobile phone tower is positioned at 2007 + 150/ + 30’f relative to the operator

i.e. the mobile phone tower is 30 metres tall.

z
Height

4

N

Drone’s path

—— .,

East

Phone tower

x
South

(a) After two minutes of flight, how high i
A " high is the drone above
the ground?

2]



Chapter 8: Applications of Vectors in Three Dimensions
4. (cont)

(b) Write the expression for the Position vector of the drone from the top of the phone tower
after f seconds. [1]

The operator knows that the drone will not strike the mobile phone tower. However, the
operator does not know that the drone will cause interference when it is less than 50 metres
from the top of the tower.

(c) Determine whether the drone will cause interference to the mobile phone tower and, if
so, for how long will this occur, correct to the nearest second. [4]



Chapter

Vector Calcuh:ts in
Two Dimensions

(MSPEC 2016:CA16)

L [10 marks]
4 °°52t) centimetres where £ is measured in

A particle’s position vector r (#) is given by f(t) - ( 2cost

seconds. A plot of the path of the particle is shown below.

*
A
2 —— e
4T |
" |
o W > X
N P 2 | 4

\,__hhh—

=2 . B

=4

(a) Express the path of the particle as a Cartesian equation. [3]

(b) Determine the speed of the particle ¢
, CO
the point where x = -2. ’ rrect to 0.01 cm per second, when it first reaches
[4]

(c) Write the expression int :
e afong . ’patheir;nfr ;35 etlli gonometric functiopg, g, the dj
expression, Ing from point A to point BESIStance e
+ YO not evaluate this

(3]



Chapter 9: Vector Calculus in Two Dimensions

2, [13 marks] (MSPEC 2017:CA15)

C€ car moves around a race track as indicated in the diagram
on is point A.

A battery-powered model ra
below. The car’s initial posit

y
A
., B
NEZAN
- Ai > X
8 -2 /\H 1 2
v/ N
14

At any time f seconds, the velocity vector v () of the model race car is given by:

o §
v(t) = _Sm(§) metres per second.
2 cos(t)
(@) Determine the initial velocity vector and show this on the diagram above. [2]

(b) Write an expression that will determine the change in displacement over the first 3?” seconds.

(2]



ourse Units 3 and 4, 2022
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m Questions: Mathematics Specialist ATARC

2. (cont)

(3]

(c) Determi
rmine the displacement vector r(f)-

Itcan b
e show,
the track I Eaatthe micd
, one of the shar el _l’ace Car’s Speed is L.
pest points on the curve at a minimum when it reach
: ches point B
on

(d) Determi
mine the acc
elerati
correct to 0.01 ration vector a when the car reach
. ~ ches point B .- e
, §lvIng com
Ponents
[3]

(e) Determi

rmine the d
com . 1sta

pleting one lap of“CE, correct to ()

the track, 01 metres, th
» that the
mOdel iy
ace car
travels in

[3]



Chapter 9: Vector Calculus in Two Dimensions

3. [9 marks]
(MSPEC 2018:CA19)

A small rocket is fired fr
70 metres per second. '1?1{11; t?c;ad%:tmhnd at an angle of 6 ° to the horizontal with a speed of
horizontally at w metres per second as the assistance of a steady wind that is blowing

A coordinate system i
y Is set up to track the path of the rocket as shown below.

Let t = the number of se
conds elapsed after :
- o5 th i
f(f) = the position vector (metres) S e

o(t) = the velocity vector (ms™1)

a(t) = the acceleration vector (due to gravity) =( 0 )(ms'z)
-9.8

y
2004

5P

—>
100 T

9 F i 4 1 M 1
——t——t——t———t—->x

100 200 300 400 500

( (70cos 8 + w)t )
)| -

(a) Given a(t) = ( 0 ), show that r(t) =
98 ~ (70sin@)t - 4.9¢
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3. (cont)

in terms of #@and w. 2]
(b) Obtain the Cartesian equation for the path of the rocket, in

The range of the rocket is defined a

s the horizontal distance travelled from its launch to the
point at which it strikes the ground.

(c) Assuming that the wind sp

eed w = 2 metres per second, determine the optimum angle 6§
so that the range of the roc

ket is maximised, correct to the nearest 0.1 degree. [4]



Chapter 9: Vector Calculus in Two Dimensions

4. [10 marks] (MSPEC 2019:CA13)

The path of a particle is shown below. This particle moves so that its position vector f(t) is

—2 cos(f) .
2/ | metres, where  is the number of seconds the particle has been in

given by r(t)= [
1 - sin(t)

motion.

(@) Determine the starting position of the particle and mark this as point A on the diagram
above. [1]

b) Determine the initial velocity of the particle and illustrate this on the diagram above. [3]



Creelman E i
xam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022

4. (cont)
for the distance the particle woy), d

functions,
uate this expression. [3]

() Wri
te the expression, in terms of trigonometric
th. Do not eval

travel i .
in completing one circuit of the given pa

e t i
* [ ]



Chapter 9: Vector Calculus in Two Dimensions

5. [6 marks] (MSPEC 2020:CA12)

ﬁz Let ¢ = time in seconds that a tourist has been walking
B along the spiral path. The tourist takes 651 seconds tq
reach point B.

The tourist’s position on this path at any time ¢ is given
by:

10cos(0.1¢)
1(#) = | 10sin(0.1¢)| metres.
0.2¢

A
& B
(a) Determine the height of the observation deck above the ground, correct to the nearest
0.01 metres. (1]
(b) Determine the tourist’s velocity v (). 2]

(c) Show that the tourist walks at a constant speed and determine this speed, correct to
0.01 metres per second. [3]



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022
(MSPEC 2021:CA19)

b

6. [14 marks)

Using the correct technique, Olympic ski jumpers can slow down
their descent, by creating lift to counteract gravity. These jumpers
must land successfully to have their distance recorded and land on

sloped ground to prevent serious injury.

1

i)

ot )

A skier begins his descent at point B accelerating down the ramp.
At the end of the ramp the skier is travelling horizontally at point E
at 32 metres per second (115.2 kilometres per hour).

Let t = the number of seconds in flight after point E (100, 120).
h(f) = the height of the skier above the horizontal ground y = 0 (metres)

x(f) = the horizontal position of the skier (metres)

The sloped ground for landing is given by y = 170 - 0.5x where 100 < x < 340.

|
1
!
|
{
J
!

i
i
I
!
!
|
i

> x

1m T + t 4 + 4 + ¢ ¢ }
400

e ski jumper’s suit and skis decrease the horizontal velocity X' (#) so that ¥’ (H=32 0.05¢
=EOLLTNE

(a) Show that x(f) = 740 - 640,005t
2]



Chapter 9: Vector Calculus in Two Dimensions

6. (cont)

jtis found that the expression for the position vector for the skier during the flight is given by:

-0.05¢
ey (740 - 6406 )
: 120-2.5¢

) Calculate the height of the skier above the sloped ground after 3 seconds of flight, correct
to the nearest 0.01 metre, [3]

(c) Determine the vertical lift s (m/s?) provided by the skier’s suit and equipment in the

2
descent if dh_ s - 9.8, where s is a constant. 3]
dt



6. (cont)

ioht is gi by:
ier’s flight is given
It can be shown that the Cartesian equation for the skier’s flig

: it 4. It is on the Classpad
jon is learnt later in Unit 1 ‘

-11\2  Note: The In{f{x)) function is Spbvc s e S e e functions
y=120- 1000('"(7—:047)—‘)) and is called the natural logari

(d) Calculate the ti

taken for the skier to land on the sloped ground, correct to the Nearest
me ta
0.01 second.

[3]



| 1V

1. [6 marks] (MSPEC 20165:CA8)

The system of lln.ear equations given below can be reduced in three stages to a form where it
can be solved easily.

x+y+2=4 ...R1

2x+3y+z=8 «.Ry
3x+@-py+22=13-p% _R,

(a) Two of the stages are given below.
In the space provided at the side of each stage, write the operation(s) that have been

performed in terms of the rows of the previous system. (2]
x+ty+z=4 Ry
2x+3y+z=8 ...Rp_

py+z=p?-1 R,

xty+z=4 Ry
y"z=0 ...R2
pPy+z=p?-1 R,

(b) Perform one further row operations so that the coefficient of z in R3is 0. [1]

(c) For ez.nch of p=1 and p = -1 indicate how many solutions there are to the system of
equations. If there is a unique solution, give that solution. If there is any. frln'o
number of solutions, give the resulting solution when z = -1, = mi;



ATAR Course Units 3 and 4, 202

C
reelman Exam Questions: Mathematics Specialist
2. [6 mark
]
] (MSPEC 2016:Crqg
3]

(a) Solve the system of equations.

xt+ty+z=4
3x—y+z=8
2r-y+z=0

Suppose that the thi
) rde ioni :
remain unchanged. quation in part (a) is changed to 2x - y + kz = 0. The fi

= 0. The first two equations
(b) Determine the v

al
ue of the constant k so that the changed syst :
em of equations has no

3]

solution.



[6 marks] Chapter 10: Systems of Equations

' llowi .
o) golve the fo OWIng system of eq“atiOns; (MSPEC 2018:CF2)
4x-y-22=5 3]
aty-z=4

x-y-2=3



; its 3 and 4, 2022
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3. (cont)

Consider another set of equations where k is constant.

2x-y-2=0
X-2y-z=2
x-2y+kz=6

It can be shown that this system of equations can be reduced to the following:
= =2(k-1)
TS )

= —4(k+2)
T 7Y )

4

z=
k+1

(b) Explain whether this system of equations will have a unique solution for all real values

of k. If not, explain the geometric interpretation of this. 3]



Chapter 10: Systems of Equations
4. [7 marks] (MSPEC 2020:CF4)

(a) Explain whether or not any of these planes are parallel. 2]

3]

(b) Solve the given system of simultaneous equations.

2]
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visit their local cinema to watch

5. [10 marks]
On famil oups . x
8, Senurdiy gitemociy L B e Do);lgl)ag where the ticket prices for adults,

feature movie. The cinema names this as
children and pensioners are charged in whole dollar amounts.
h category and the total paid for each

The table below indicates the number of people in €ac

f amlly gTOUP.
[
Group Adults Children Pensioners Total cost
1 2 4 - $108
2 3 6 - $162
3 2 5 2 $152

Let a = the price for each adult (5)
¢ = the price for each child ($)
p = the price for each pensioner ($)

[1]

(a) Formulate the equations that can be used to determine the ticket prices.

(b) Using the equations formed, d i
. , determin
accompanied by 2 pensioners. Fithe fotal eoat for & g oup consisting of 1 child
2]

(c) Solve simultaneously the e i
y the equations for
mulated in
part

(@). 2]



Chapter 10: Systems of Equations
5, (cont)

(d) Explain the geometric i -
2 ic interpretation of the equations and the simultaneous solution. [2]

Now assume that the price for i
] an adult is i i .
e ol o e e e filat greater than the price for a child and that the price

(e) Determine the ticket prices for adults, children and pensioners on DollarDay. [3]



Chapter I1nplicit Dz:ﬁerentiation

11

(3CDMAS 2014:CFs5)
j [5 marks)

The tangent to the curve y? = +* at the point P(1, 1) meets the x-axis at Q and the y-axis at R.

Determine the ratio PQ: QR.



" [3 marks] Chapter 11: Implicit Differentiation
.. oram Shows a circle with (MSPEC 2016:CA17a)
The diagr W ; €quation 42 . .
intercepts of this circle. DC is the tangent :0 :hyz =16 w
e circle g

ith points A, B being the horizontal
Poirlf . Point D has coordinates 2, -2 J§) g the horizonta

t point D, intersecting the x axis at

Y
A
=z A/V B C
K > x
D .
/V

Show that the equation for the tangent at point D can be written in the form 3y =x-8.




- i 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and

PEC .
3. [3 marks] (MS 2017 CAIZa)

The diagram shows the curve with equation Jx + J/y =3 where points A, B are the intercepts
of this curve. A tangent is drawn to the curve at point P(1,4).

}
¢

e¢ \ -

Show that the equation of the tangent is 2x + y = 6.



Chapter 11: Implicit Differentiation

4. [8 marks]
- . (MSPEC 2018:CA20)
The graph of (<% + 7 1)’ = y3 is shown below.

/
!

A

Ved

4 Ty . o ;
(@) By implicitly differentiating the given equation, obtain an equation relating x, y and dy [3]
g dx

ote: Do <21 : |
(N not attempt to obtain c_ig as the. subject of this equation.)



4,2022
Exam Questions: Mathematics Specialist ATAR Course Units 3 and
Creelman ‘

4. (cont)

int L (1,1).
(b) Determine the exact slope of the tangent to the curve at the point L (

At point H on the graph the curve s horizontal.

(c) Determine the coordinates of point H, correct to 0.001.



Chapter 11: Implicit Differentiation

1 [6 marks]
’ (MSPEC 2020:CFéa,b)
Consider fix) = 2 tan (x) where -’.25 <x <l
3
Letg(x) =f 'l(x) be the inverse of function f

(4]

. . a
(b) By using implicit differentiation show that g'(x) can be written in the form =y



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022
6. [6 marks] (MSPEC 2021:CA13)

The equation x> + = 3xy + y implicitly defines the curve shown below.

(@) Using implicit differentiation obtain the expression for gg [3]
x



Chapter 11: Implicit Differentiation
6. (cont)

The slope of the curve at the origin O and points A and B is equal to zero.

(b) S:w\;that the equation that determines the x coordinates for points A and B is given by
x" = 2x -1 =0 and hence determine the coordinates for point A correct to 0.001. [3]



Chapter Related Ikates

12

1. [7 marks]

(CA 2008:14)
Melissa is flying a kite. She is standing still and the kite is moving away from her at a constant
height of 25 m in a vertical plane that contains Melissa (M) and the kite (K). She keeps the
string attached to the kite taut at all times, i.e. it forms the straight line segment MK, as shown
in the diagram below. At a certain moment the length of the string is 65 metres and is
increasing at the rate of 1.2 metres per second.

How fast is the kite moving at that moment?

N

25




Chapter 12: Related Rates
2. P (MSPEC 20165:CA11a)

The ethanol produced by a chemica] factory is poured into a 4 m high conical container, with

an upper dl-ameter of 4. m, at a constant rate of 3 m?3 per minute. At what rate is the ethanol
level rising in the container when the depth of the ethanol is exactly 2.5 m?




. d 4, 2022
_ . Course Units 3 an
Creelman Exam Questions: Mathematics Specialist ATAR (MSPEC 2016:C Al 5

. S is i hape of a triangular prism, The
A four metre long water tank, open at the top, is in the shap

. tre length,
. : . nt sides of one me
triangular face is a right isosceles triangle with congrue

Initially the tank is completely full with water, but it develops a leak and loses water at a
constant rate of 0.08 cubic metres per hour.

Let i = the depth of water, in metres, in the tank after ¢ hours.

(@) Show that the volume of water in the tank V cubic metres, is given by the expression
V(h) = 412, 2]

(b) Determine the rate of change of the depth
when the depth is 0.6 metres, et e nearest 0.01 metres per hour,

[3]



Chapter 12: Related Rates

i ]
dt 100/~

(d) Hence determine the relationship for the depth h at any time ¢ hours.

(1]

[4]



A err -go-round nhas a radi_us
o-round at a c;;rznné:cl).n'g;e T“l;e p);rent of the young child
eve S p

Iz?\’vay from point B.

4. [10 marks]

ild ri rry-g
A young child rides on a me ‘
of )g mesl;rcs and completes one revolution

i actly 3 metres
stands and watches at point P, exactly and the merry-go-round

. arent, : . .
child is dofesgefdﬂ::tz fiy point in time, point C is the
nts .

i i i the
The ride begins at point B, \\then-
rotates in an anti-clockwise direction at a consta

position of the child on the merry-go-round.

> X

Y

Let t = the number of seconds the ride has been in progress (from starting at point B)
s = PC = the distance that the child is from the parent (metres)

0 = size of ZBOC (radians)
g5 40 Som o
(@) Show that e radians per second. [1]

(b) Show that s = 89 - 80cos6,
[1]



Chaptar 12 Related Rates
f o 2
| , differentiating s® =89 _ gg.

0 impliciyy <.
({) lzc ncarest 0.01 metre per SQCOnd' the y ‘Vlth

. » determine, correct to
t rent when the ride has be
p&

dis moving away from the
or4 seconds, 8 :

(4]

e -

4]
ds ; imum. [
d) Determine the value for cos6 when the rate 7; isamaxi



TAR Course Units 3 and 4, 2022 \
stA

. gpeciall
Exam QUGSHOnS" Malhematlcs P (MSPEC 202 _‘C
Creelman Exa that OA =10 4206}
i) rigin. It is known ( m ang hat
5. [4 ma the 0 er second. This means thy; POintsp“iﬂi

here point o dof02cmp

Consider square OACB W origin at a Speeg their respective sides. 'R

i /ing away from the i
:nlcsl ?g;;n:goviné at the sameé SPeedS

C

A Y
R

P
1

9, S B

Let x = the distance OP.

Determine the rate at which the area of square PORS is changing when x = 3 cm.



50 m

Chapter 12: Related Rates

(MSPEC 2021:CA09)




N e
-, v‘\',_.‘_ T .“x

Integmtzon
1 3 Techniques

[5 marks]

10 6 +1 dt (Useanappropriate substitution)

Evaluate exactly:
f«/ t +t+1



[6 marks] Chapter 13: Integration Techniques
(MSPEC 2016:CF04)

2

X—8
Express in the § a
® RN . ]

; x-8 4 [3]
(b) Hence determine f(x T)(x=3) X.




" its 3 and 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units

(MSPEC 2016.‘CA09)
3. [5 marks]

Consider the integral I = f xa/(1+x)" dx, where n is any positive integer.

Using the substitution « = 1 + x and an appropriate anti-derivative, develop a simplified

expression for I in terms of x and .



Chapter 13: Integration Techniques
& . .vi[Fmacks] | (MSPEC 2017:CA16b)

Function fis defined by its 8raph shown below. The constants a, b >0 where b > a.

&)

f

Q
[\
Q

Given f (x) = g |x —al

By using the substitution # = 2x - a, determine an expression, in terms of a, b, for the value

of [f(2x - a)dx.

2



v 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4,

5 [5 marks] (MSPEC 2018:CFé)

(@) Given that 2 = _a . _b  4etermine the values fora and b. 2]
(x+1)(x-1) x-1 x+1

(b) Hence determine f 21 dx. 3]

x -1



Chapter 13: Integration Techniques

6. [5 marks]
(MSPEC 2019:CF3)
22 4 5x 4 6
(a) Giventhat Z==_T2X+6 _ E+.}l+ c .
xz( X+3) x xz x:3’ determine the values of 4, b and c. [2]

2x2 +5x+6
(b) Hence determine f -

xz(x +3) 3]



2022
oo rse Units 3 and 4,
Creelman Exam Questions: Mathematics Specialist ATAR Cou

(MSPEC 2020:CF6c,d)
rA [7 marks]

r d hence determine th
2 g 4. 1. an e
(a) Show that 3% *2X+6 ., be expressed as 2 x-3

4
(x2+4)(x—3) * [3]
values for gand r.

3x2+ 2x+6
(x* + 4)(x-3)

(b) Hence determine dx. [4]

a i
Hint: 4 ( tan™"' (5)) = ——, ais a constant,
dx . X +a



Chapter 13: Integration Techniques

8. [5 marks] (MSPEC 2020:CE7)
7
Evaluate L dx i
v J; — exactly using the substitution u = J/x + 2.



g i nd 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 a

(MSPEC 2021:CF03)
9. [5 marks]

3
determine the exact value for fl 5x./x —2dx.

Using an appropriate substitution, 2



Chapter 13: Integration Technit

[5 marks] (MSPEC 2021:Ct

2
Given that /%_—~12x+2 .

—_+

2
(x-2)(x%+£2), ¥=2' 42 .5

determine the values of 2 and b.

2
' Tx™ —12x+ 2
Hence determine [—— dx. [3]

(x=2)(x> +2)




ciorier | Integration Technique:
1 4 and Trigonometric

(MSPEC 2016:C

1. [7 marks]

Evaluate the following definite integrals exactly.

]
4

(@) f 12 sin*2x cos 2x dx Put u = sin 2x
0

(b) J‘tanz (”7") dx
0



Chapter 14: Integration Techniques and Trigonometric Functions

P [7 marks] (MSPEC 2017:CF3)
R
Consider the definite integral f S
2,27
0 (1 T X )
1 b
2
(@) By using the substitution x = tan u, show that _-—x——zdx = f sinu du and state the
0 (1+ xz) a
values of a, b. (4]
I 2
(b) Hence evaluate f_f? dx exactly. [3]

o(1+x7)



. its 3 and 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3

(MSPEC 2018:CFs;
3. [4 marks] ==

oy 1
Using the substitution u = cos(2x), evaluate exactly the definite integra

cos'™ (2x) sin(2x) dx.

© Sy &7



Chapter 14: Integration Techniques and Trigonometric Functions

4 [7 marks] (MSPEC 2018:CF9)

(@) BY using an appropriate trigonometric identity, simplify in terms of 1, the expression
x% - 2x + 4 where x = J3 tan(u) +1. 2]

2
dx 5]
(b) Hence evaluate f ; exactly. [
1 (x2 —2x +4)?




iali its 3 and 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units

(MSPEC 2019:Cpy)
5. [4 marks]

Using the identity 2sin A cos B = sin(A + B) + sin(A - B), evaluate exactly the definite integry)

T

2
'!)-6 sin (52-—35) cos (g) dx.



Chapter 14: Integration Techniques and Trigonometric F

6. [6 marks]
(MSPEC 20

J3
ing the substituti = 2si / y
Using substitution x = 2sin@, evaluate exactly f 1—% iy,
0



t ATAR Coursé Units 3 and 4, 2022

Creelman Exam Questions: Mathematics specialis (MSPEC 2020'CF
7 [3 marks] |
n

Evaluate exactly f (4cos?x — sinx) dx.
0



I & ¥ [ 2 &

1. [5 marks]
MSPEC 2016:CA13)
The graph of the curve 2y = g; : (
* = sin(y) is sketched forOsys<n
y
A
> X
(a) Determine the expression for g_}i in terms of y. [2]
x

(b) Determine the area of the region bounded by the curve 2x = sin(y) and the y axis.  [3]



ourse Units 3 and 4, 2022

et ATARC
- Speaahs[
Creelman Exam Questions: Mathemat (MSPEC 20, 6:Ca;
7
rc)

_ 16 with points A, B being the hop

2. [5 marks] 2, yz
: i uation X : oint D, intersecti Tizg
The diagr ‘m; s'|10\\'§ ","rgg ;;l::ccﬁmgent to the circle at p ting the % axigt:]
intercepls o this circle. t
5 _2.J3).
point C. Point D has coordinates (2 Zf )
y
Cc
4 B > X

(@) Determine the coordinates of point C given the equation of the tangentat D is \3y=x-8 [1]

The region bounded b
Y thearc AD, the j i

e line segmeny DC and the e ,

is is rotated about the x 235

(b) Determine the volu
me of th :
e resultmg solid, Correct to th J
€ nearest 0.01 cubic units.



Chapter 15: Area and Volume

rks]
[5 - (MSPEC 2017:CF8)

’ curface of - drinkir}g glass can be modelled b
i1 " ¢ shown in the dlagram. below. The radiys
e ax™ t the top is b cm. The height of the glass is Iy

Y rotating the line segment AB about

of the glass at the bottom is a cm and
cm.

Y
=

A

= s x-a
The equation for AB 18y = ('b_—-_a) h.

iqui ined b
JTRE the volume of liquid contained by
() Write an expression, in terms of a definite integral, for the 0]

the glass when it is full.



alist ATAR Course Units 3 and 4, 2022

Creelman Exam Questions: Mathematics Speci

3. (cont)
lified expression/ formula (in terms of
a,

hen it is full. bang i

_ obtain a simp
ntained by the glass W
3)

(b) By using an anti-derivative
for the volume of liquid co



[5 marks]
Pler 15 Area and Vol
ume

Quation ,f; . N
MSPEC ZOIT:CAIZb)

the
Cury Yy =3
€ at point p Where point
(1'4)~ SA, Bare the inte
rcepts

4.

e
Of this

jiagram shows the curve yyig
curve. Atangent is drawn :1 e
0

ded by the curve the tangent whose equation is

1 the diagram is boun

2t +y=6,and the x axis.

The shaded region O

Determine the exact area of the shaded region.



(MSPEC 2018415,

Creelman Exam WUEsH=TEs

5. [8 marks]
shown below. A tangent is drawn to the ¢

Part of the graph of X3+ 8y = 64 is
point T (2, 7), intersecting the curve again at point P.
%

A

\?;x
Ea

(a) Determine the equation of the tangent to the curve at point T.

(b) Determine the area of the shaded region

The shaded region is then rotated about the x ax;
xis.

(C) Calculate the volume of the resultir lg solid Correct
s to 001 Clei i
C units.

2]

3]

[3]



[5 markS] Chap(ef 15: Area and Volume

1 f a wine glass is modg]] d . (MSPEC 2019:CF3)
art O . ¢ by rotatin th
e tOP P the y axis as Shown below. Di . & the graph of 12 =y2 36 - II =
11; 5 about mensions are measured in cen(timctmz) fromy=0to
y
AR | G S
i Fid \ »
! ':' —4 | \
W ’1 ~ [ \ - \\
i‘," | n | | |
BE INNE" e : 4
3 when the glass is full is given by
at the volume, V cm”, w
) Show th Q)

52
36
V=ﬂf"y'§dy‘
0l+y

(4]

V cm”.
) Determine the exact volume



) ;’ aiiu 77, &

gpeciais! (MSPEC
£ xam Ouestions: Mathem&S 2020:c4

- |4 marks] by revolving the curve sin(%) =x- 3aboutumyaxis'
glassismode

ofa sma" wine
The shape - centimetres.

where 0.< y € 6. All dimensions 3

S

4+

oy A

4
+
-
-
-
3
-4

Calculate, correct to the nearest 0.01 cm, the depth of wine in the glass if it is to contain 80% of
its maximum volume.,



Ks
[5 mar 1 Chapter 15: Area ang Volume

wn below is given | t . (Mspec 2020:CA16
yrve ShO Y the ®Quation (,, _ 1)2 )

Thcc =sin (1}_21)

: . .
) Calculate the area, correct to 0.0001 square units, of the region that forms the mtenor[gl
this curve.

| 2

answer.



(MSPEC 2021,y
Crog

Creelma
9. 9 marks] ]
: i +(y-Alxl) =2
The heart-shaped figure shown is iver s equation 2l i)
= .Jx is also drawn,

ﬁ) =2, The curve y
t for each x coordinate i
peﬂ.'y tha in its domaln ts

from the curve b

becomcsxz +(y-

has the sPeCIal pro
ertical distance

For x 2 0, this equation
This heart-shaped curve
Jx.

two y coordinates are an equal v

(a) Explain why the domain fo
r th i 2
ecuweg1venbyx2+(y—JJ—c) =2 is 0<x< 2 2]
(b) Show that the total area enclosed b
;) Y the heart-shaped figure is given b
given by:

Area = 4f2$1‘dx

2



Chapter 15: Area and Volume
9 (C"nt) titution x = /5
ing the subs ‘ SN6, evaluate e total area enclosed by the heart-shaped
) By us and hence see why it can be gai4 that ‘5§
o pgurer

S at the heart of mathematics’ . 5}



Creelman Exam Questions: Mathematics gpecialist ATAR LUUIS= =
(MSPEC 2021:Cays

solid sphere with radius 10 cm. This cap ¢ )

an be

10. [5 marks]
axis from 0 to h.

A solid spherical cap wi i
p with depth hi
generated by revolving the rel;ion a

s part of a
bove the x-

Ax

20

L 2

v
[1]

(@) Show that th i
e equation for the circle shown above is x>+ y2 = 20x

(4]

-



piﬁerentta l Equations Chapter

[7markS]
b 'fferentiale uatio
[irst'order i} 4 n has a slope field as shown i (MSPEC 2016:CA18)
A own in the di
y agram below.
i
e // 7T o
4 4 1 2 il il
’,//,////—_\J\\\
17 / /j e sl_s
s , ~— <"\
NORASN
! ¥ et rd - — Y \
f’ / // / /' / -
vy _/ I = -_\\\\\\
f, 7 7 - - E— \\\
/ / / // //’/——\\\\\\
éf; /, ’ ’/, e ot ! \\\\\\%—_x
£/ 47/ ///—5'—\\\j3\
IL7, i 7 A e
| GV AV £ 4V | D s S NN
;7 'y z %81 0 ,F\_\
/ / 7 7| < o T % N
X JiA pav, //’/"‘""-\\\\
/—-/-7%7’-—/%/-—#&\
/ / /f //P ////__\\\\\E
/%L#?‘jl—%-' | =S
; . 14 'thi eld. 3
@) Determine the general differential equation that would yield this slope field [3]
ven that the slope
= f(x) containing PO Ag 4]

b I?Gtermine the equation for the
field at point A(1,2) has a value o=



Creelman Exam Questions: Mathematics specialist i ety N (MSPEC 20
2 [7 marks] it
. marks i filings are sprink
A series of magnets is placed under a glass P2 andassocrir‘l;;;;rilned "-%Y the “?agnelﬁg f?:lto
the glass. The orientation or slope of the at passes through the point A ©0,1) i

is shown below. One of the lines of mag

also shown.
' 4
. — e S
N 5 1‘.1‘11‘1“-‘
r - e e U
N AT
-
"-'l-.'\\ L—7 ;
Al N
S RT‘”'"?%"’ - ]
N > \ > B e X
14 A 2 K
o S o ’TL'7L7"-7147‘7 B
A 3 r4 — < ra - ” [~
-1 h o o
ya P
- ~ 3 —"_L7 7~
-~ N 3\ 3\ s - 2
= N 7 4 =

1
The slope field is given by dy 5 X" 1

a_x_ =
(a) Determine the value of the slope field at the point A (0,1). [
(b) Explain the orientation of the iron filings at x = 1. [ll

(©) Determine the equation for the line of force that passes through the point A (0,1)- A



[5 marks] Chaoter 16: Diferariias ——

| small mass attached (MSPEC 2017cat-.
4 Onds’ o . to a Sprs . ANV CAL e
‘T psec itude of the oscillat; PTING, oscillar
.‘f‘crets the ampllmd , illation a°°°'d'ne, to the equ:tsin:hom  fixed paint. Friction
uc |
r»d dA

—

dt -0-4A ASSume A(O) - 8 tn

e the function A (t) that gives the amplitude of the mass. 2]
i) e

he amplitude continues to decrease to the point at whi_fh the small mass
t ?llatirlljg This occurs when the amplitude is less than 0.01 cm.
SC .

i for the small mass to
t to the nearest 0.1 seconds, how long it takes fo o

s time Passes;
appears to stop O

Determine, correct to
f appear to stop oscillating.



ics Specialist ATAR Course Units 3 and 4. 2022
(MSPEC 2018

versity funding begins to spy
s and staff at this university, ead

Creelman Exam Questions: Mathemat

4. [13 marks]

A rumour that the Federal Government pla ut uni

around a campus. There is a combined total of 1600 student
ocial media post at 8 am one morning,

One hundred people know of this rumour viaas
have heard the rumour at ¢ hours afte
r

university who
ds is given by the equation:

Let N (f) = the number of people at the
ur sprea

8 am. It is found that the rate at which the rumo

dN
=7 = kN (1600 - N).

A
t 8 am the rumour was spreading at a rate of 60 people per hour.
2]

(a) Show that k = 0.0004.

(b) At 11 am there w
: ere approximately 500
increments formula, d . y people who had h
etermine the approximate number oia;i(:lp;le mll?mir. g Lo
e who learn of this

rumour between 11 am and 11.15 am
[3]



Chapter 16: Differential Equations

(cont)
Given that 1 =t 3 S T h tion of variables technique
5 N 0.64t
how that = (4]
to show that N(#) is given by 1600-N — 15

) At what time, correct to the nearest minute, does the rumour spread at the fastest rate? [4]



(MSPEC 2019,y

. 1all | L B
Creelman Exam Questions: Mathematics Specialist A

[6 marks]

B

dy _ X _ isshown in the diagram below.

The slope field given by o 7y + 2

R

A

| N s L i |

_.i|-||_|

-+ - .llldl-l -

/**x//(k//fIIIXKX\\X\

_r.l/I/ 1{/1 /J/l/../z/-/ 3{»#:'1\»%\* \P\ .\«

rlylujxl/l/l?] /1/ \-

.m, f w.. / / / /I/J/

N / fnr..l\ kh\lxl\lf /-

ANt

AR %/zflx\\ o i 8

A A
A
.”Iﬂ = 1./|../|y }lx /lx

.....

SUNNRAAAAAA

KA e

DN

A AN AR AN

e i A
i

! o

i .____4.

.ﬂd,;ﬂ___m
L2
]

,,,,,

y
A

NN

NS
b AN

SRR

A e
R

f =i (e

F- :*T\ -/

==

R S L

...L-_

Y

T T (O N R
____::.,::.__.v

o el A ALY

1]

(a) Calculate the value of the slope field at the point (2,0).

2]

(b) On the diagram above, draw the solution curve that contains the point (2,0).

3]

(c) Determine the equation for the solution curve that contains the point (2 0)7



Chapter 16: Differential Equations

6. 8 mark
[ s] (MSPEC 2019:CA17)

In Australia, the killing of humpback whales was banned in 1963.

At thefe‘%:l of 2018, 55 years later, the population P of migrating humpback whales off the
coast of Western Australia was estimated at 30 000, i.e. P(55) = 30 000.

(@) :Assuming that the population of humpback whales had been increasing at an
instantaneous rate equal to 10% of the population, estimate the number of humpback

whales at the end of 1963. [3]

To model the growth in the population from the end of 2018, a marine biologist suggests that

the rate of growth be modelled by the equation below.

2
dP P
— =01P- ————
dt L 700 000

The biologist re-defines P(0)=30000,i.e. t= number of years from the end of 2018.
(b) If P(t) is written in the form P(t) = i =i determine the values of the constants a, b
1+be ,
[2]

and c.



t ATAR Coursé Units 3 and 4, 2022

Creelman Exam Questions: Mathematics specialis

6. (cont
) Jation of humpback whales off ¢

hich the popY ted at the end of 2018.

() Hence determine the year during W _
tima
of Western Australia will reach double that €s

]

(d) State the major difference in the variation in the population P(f) using the model in part (b)

compared with that in part (a). 1



Chapter 16: Differential Equations

4 [11 marks]
' lation P(#) of (MSPEC 2020:CA19)
The population of sards .
modglled by the logistic e;ig:snl:n AN ocean, measured in million tonnes after t years, was
1 4 239703¢

The graph of this model is shown below. This graph contains a point of inflection at point .

2]

: : s
(a) Calculate the size of the sardine ocean population at ¢

aB -y (k - P), stating clearly the values for
isti tion in the form T P "
(b) Rewrite the logistic equa

r and k.



Creelman Exam Quosuons: Mn"ﬂ?n'ulﬂu: P =

ique of incre
7. (cont) 000 tonnes, Use the tcf\‘:ﬁ'q ments [to
) ‘on is Ao the next mMOTRE: 3]
A he sardine ulation 1= lation 1N
o c‘.:l';fxl;a llc: fh:approxri,:'lr;;tc change IN popY

i tion. 2
(d) Determine the maximum rate of growth of the sardine populatio 2]

Suppose that the initial population of sardines was 1.3 million tonnes.

(e) Assuming that the rate of growth is still given by ‘cii_ft) = r P(k - P), sketch the graph of the
population growth on the axes below. Explain your graph. 2]

>




8.

[8 marks]

Part of the slope field given by dy _ x-
dx

Chapter 16: Differential Equations

-E'y_ is shown below.

|
\

—~—————  — ——
N ,——— e
——————— e~
N ————— e -
~N~———
N~S———
NN ~—— )/
Yooy

e a4

N\~
\\\T‘—--—-///
\N\~t—~"//
\\ N~—+—// L

\\\MJ[ L////
NN\~ s/
N\ \~f—~-~//

T Y
\
.8
1

g o 5P e
KA i

///////PZV

- x
1 2

(a) Calculate and draw the slope field at the point (0.5, -1).

(MSPEC 2021:CA10)

(3]
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8. (cont)

(b) Determine the equation of the solution curve that contains the :
3]

(c) Draw the solution
curve that contains
the point 0
, 0.5).
, 2l



nd 4, 2022

gpecialist ATAR Course Units 3 @
(MSPEC 2017:CA17,y,

Creelman Exam Questions: Mathematics
2. [6 marks] ' |
res of a small mass attached to a spring, osciljyye,

After t seconds, the displacement X centimet §
i jal equation dX = s
about a fixed point O according to the differential q I

per second and the initial displacement is zero.

The initial velocity is 87 centimetres
displacement of the mass at time ¢. 3]

(a) Determine the function x(f) that gives the

Bl

(b) Calculate the distance the mass travels during the first 5 seconds.



[5 marks]
Ch
apter 17: Modell‘mg Motion

3.
A particle travels in a straight J;
Lo Ine s .
elated by the equation: © that its velocity cm/s (MSPEC 2018:CA13)
ec and di
V= 2 displacement x cm are
X

@a) Determine the accelerati i
ration a in terms of its displacement x

(2]

It is known that the initial displacement of the particle is x =2 cm.

(b) Determine the displacement x asa function of time £.

(3



ATAR Course Units 3 and 4, 2022
(MSPEC 2
019.

iclockwise direction at ,
I’atQ
0

ates in an ant
as 16 cars that are equally spaceq £
ar()und

Creelm.
an Exam Questions: Mathematics specialis!

4.
ferris w
one rc\fo‘l:::?cl has a radius of 80 metres and rot
the wheel ion every 72 seconds. The ferris wheel h
as shown in the diagram.
at the centre of the fe
rs begin their ride when

rris wheel is at the origin and th
a car is at position A (g gé'gund
"~ ).

A .
r :‘glc);d inate system is set up so th
as equation y = -80. Passenge

osition P.
has been in progress from position A.

has rotated from position A.
heel (metres).

Consi
sider a as
I a passenger inacaratp

LCt =
0= ::e number of seconds the ride
i the 3n§;le in radians that the car
e height of a car above t

he centre of the ferris W

> Ground level

(a) Show that .GE = )
dt 36 radians per second.
[1]
i
[1)

(b) Given that
y(G) = SOSin(g + q)
, explain wh
yas==
2



Chapter 17: Madelling Motion

Y a passenger is movi

€ nearest 0.01 metres per second
. (4)

(2]

(d) Show that function y(f) satisfies the condition for simple harmonic motion.

A different passenger happens to be in a car that is two cars ahead of a particular car on the

ferris wheel.
metres per second, is the trailing passenger

r is moving downward at exactly the same

(3]

, correct to the nearest 0.01

At what speed
(¢) when the other passenge

moving upward
speed?



M
[5 marks] ] ; d's PEC ZUZO:CAM)
A particle travels in a straight line so that its velocity © cm per secon and displacement e
are related by the equation:

2]

v=-0.2x
(a) Determine the acceleration 4 in terms of its displacement x.

(1]

(b) Does the particle’s motion constitute simple harmonic motion? Justify your answer.

Itis known that the initial displacement of the particle is x = 4 cm

correct to the
nearest 0.01 second, when the particle has a displacement

[2]

(c) Determine,
of 2 cm.



Chapter 17: Modelling Motion
(MSPEC 2021:CA12)

. . - N
maximum horizontal speed is 5 Metres per second and its period of motion is exactly 60 seconds.

Let x () = Acos (nf) be the horizontal displacement after t seconds.

(@) Determine the values of A and 1. 3]

2
est 0.001 m/s%,
th horizontal acceleration, correct to the near
rmine the

(b)ates ontal displacement is 10 metres.

horiz

when the

3]



le JAZ A 242 R

Chapter S amp ) . .
1 8 probability Distributiong
(3CDMAT 2010:CA1gy 4

ced by the Ever-Flame company

[3 marks] adia
ro
he burn time, T seconds, of randomlfyl'ggossscnofggcang a standard deviation of 2.5 secongs
‘normally distributed, with a mean of 1< '
[

) Calculate P(T > 16)

s its matches by measuring the burn times of 1000

5) Every week the company test

randomly-chosen matches.
ample will

What is the probability that the average burn time of the matches in such a s
be between 12.15 and 12.25 seconds? 2]



Chapter 18: Sample Means and Probability Distributions
2. [12 marks]

(MSPEC 2016:CA19a,b,c,d)

g’:e voéume of water used by thfa SavaDaWater company to top up an ornamental pool has

0 e;nlc; lf;l;ved to be normally distributed with mean p = 175 litres and standard deviation
= S.

The ornamental pool is topped up 50 times. Determine the probability that the:

(a) sample mean volume will be between 173 and 177 litres.

(3]
(b) total volume of water used is less than 8.96 kilolitres. [3]
Water is a scarce commodity and accuracy is required. The pool is topped up 50 times and the

sample mean obtained is denoted by W.

(c) Ifitis required that P(a <

<W< b) = 0.99, then determine the values of @ and b, each correct
to 0.1 litres.

(3]



' tal nits 3 and 4, 2022
Creelman Exam Questions: Mathematics specialist ATAR Coursé U

2. (cont)

o ¢ water used differs from p by less than fiyer:
(d) If the probability for the mean amount Othat g5 FE e htrésl

is 96%, find 1, the number of waterings



Chapter 18: Sample Means and Probability Distributions

3. [6 marks] (MSPEC 2017:CA9)

The ’{ime T in .minutes that a particular flight arrives later than its scheduled time is uniformly
distributed with -30 < T < 60. The population mean is u (T) = 15 and the population variance

is &% (T) = 675.

A sample of 30 arrival times is taken and the sample mean T is calculated.

(a) Determine P (10 < T < 20) correct to 2 decimal places. 3]

(b) If a large number of samples, each with 30 arrival times, is taken, sketch the likely

distribution of the sample mean T below.

In the diagram indicate or refer to the calculation from part (a). [3]

!

e R R e ifitas)
_30 -20 -10 10 20 30 40 50 60



” 2022
e Units 3 and 4,
- jalist ATAR Cours
Creelman Exam Questions: Mathematics Special (MSPEC 2018:CA12)

exponential random variable With

4, [11 marks] ' d as an
The lifetime of an electronic device is dls;rl};uiezo years. A random sample of 50 of g,
on 0=

mean u = 20 years and standard deviation O 5 engineer, is intere
devices is selected. Tam, a graduate electronic

lifetime X of these 50 devices.

: Se
sted in the sample Mear

gt X ify your answer. 3
(@) State the distribution of the sample mean lifetime X, Justity y B3]

(b) Determine the probability that the sample mean lifetime is between 15 and 25 years. [2]

Jai, the chief engineer, informs Tam that the lifetimes may not be exponentially distributed but
could be a more complicated distribution, yet still having mean u = 20 years and standard

deviation o= 20 years.

(c) 1If Jai is correct, will your answer to part (b) change? Explain. 2]

A different random sample of size 5 of

these devi )
this sample size shows that there jo - i €Vices was selected. Repeated sampling with

ha st
25 years. o o Obtammg a sample mean greater than

(d) Determine the value of 7.

[4]



“-hapter 18: Sample Means a e
5. [10 marks] nd Probability Distributions

(MSPEC 2019:CA14)

It is known that the populat
ti - g
deviation o (T) = 20 Seclgnlcjis_ On mean u(T) = 80 seconds and the population standard

At the Croc Rock weighing station, 100 trucks are weighed.
(8], Statertye (approximate) distribution of the sample mean service time per truck for the
100 trucks.

(3]

(b) Whatis the probability that the sample mean service time will be more than 83 seconds?

(2]

G that more than 100 trucks were weighed at the Croc Rock weighing station.
uppose

© H ould this affect your answer to part (b)? Explain without recalculation. [2]
C OW W

and 82 seconds is greater than 40 %o.

D i (3]
d) . um number of trucks that will need to be weighed.
( etermine the minm



Course Units 3 and 4, 2022

Creelman Exam Questions: Mathematics Specialist ATAR
" 7 marks) (MSPEC 2020-'0\18‘,,;,)
"  uit produced by the BikkiesAreUs com
ced into each biscul’ B = 7.5 grams and stan%aalz

The mass of chocolate that is pla h mean [

has been observed to be norma
deviation o= 1.5 grams.
to 0.01, that the total amount of chocolate used fq,

4]

lly distributed wit

(@) Determine the probability, correct
50 biscuits is less than 365 grams.

(b) If the probability that the mean amount of chocolate used per biscuit differs from p by 1
than 0.2 grams is 98%, determine n, the number of biscuits that need to be sampled.

ess

3]



. Chapt 4
7 [5 marks] pter 18: Sample Means and Probability Distributions

An experiment wag conducte

MSPEC 2021:C
me a text g om ( "
xt message’. €asure how quickly adults respo

nd to the request: ‘send

Let T = the
number of hoyrg taken for an adult
ult to res

It was found that the distribus; pond and send a text message.

b butio
the probability densi Hon of the populati i
e 2.4 hoursl:y ensity func Population of response times for adults was given by

0°2 R~ i ]

o A P

Random samples of size 64 are drawn repeatedly from the population of response times and
the sample mean response time T  is determined for each sample.

be

(@) Calculate, correct to 0.001, the probability that a sample mean response time will
(3]

between 150 minutes and 210 minutes.

e mean T (for samples of size 64) on the axes

(b) Sketch the likely distribution of the sampl 2l
below.
y ,_ &
A ,___—-—-r"-_'—-T-‘—‘T—_ o : ]
! .______..-l.——-'——""’- :
o e e et 1 =
) A0 IR B = L e v B =
i Bl 8, et v IR ‘ 7
— e
.__.-{ X Ar 5 6 7 8




iy Sample Means and
Confidence Intervals

(MSPEC 2016:CA19)

1. [4 marks]

The volume of water used by the SavaDaWater company . tCiPt A :rr:do;?::;zr;? }dgxor(i)a:t?as
been observed to be normally distributed with mean gt = 175 litres on

o =15 litres.

A rival company called WolliWorks takes over the watering of the ornamerllta; g(;;)lij)w_er 36
consecutive days, it was observed that the Wol]iWor.ks company used a total of 6. ilolitres.
The standard deviation for the 36 days was also 15 litres.

A representative from the SavaDaWater company states that ‘WolliWorks are using
significantly more water than we did when we were filling this pool. They are wasting water’.

Perform the calculations necessary to comment on this claim.



Chapter 19: Sample Means and Confidence Intervals

2, [13 marks]
(MSPEC 2017:CA13)

A cable in a bridge i i
ge is required to support a weight of 10,000 Newtons. Tina tests a random

sample of 100 cables fromas :
sample standard deviation 450%3:?&::: i o i s

(a) Based on Tina's sampl i 0 " .
ssblg gtrength, ple, obtain a 95% confidence interval for pu, the population me[z:‘r]i

(b) State whether each of the following statements is true or false. Provide reasons for your

answer and state any assumptions.

(i) If another sample of 100 cables is taken, then the sample mean will fall within the
confidence interval found at part (a). (2]

(i) Ifasingle cable is selected at random, then the strength of the cable will fall within
the confidence interval found at part (a). [2]



o i 4, 2022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and

2, (cont)

Jon, a colleague of Tina, said, ‘The cable strengths are not normally distributed, so the
calculation for the confidence interval is incorrect’.

2]

(¢) How should Tina respond to Jon's comment?

A different sample of 36 cables is taken and it is found that the standard deviation is 500 Newtons.
A confidence interval for the population mean cable strength is determined to be
9900 < 1t < 10,200.

(d) Determine the confidence level, to the nearest 0.1%, used to calculate this interval. [3]



Chapter 19: Sample Means and Confidence Intervals

3. [9 marks]
(MSPEC 2018:CA16)

Tom wants to estima
te th :
Wil e tnliss 5 I‘andonf sl:f;?ullatlon mean number of hours, u, worked by Australians pe
for u. The upper limit of this intp . 0f.400 workers and determines a 99% confidence interl::ali
erval is 40.62 hours and the width of this interval is 1.08 hours.

a) Det i
(a) ermine the sample mean for this sample of 400 workers. 2]

(b) Calculate, correct to 0.01 hours, the sample standard deviation for the sample of 400
workers. B3]

ch take different random samples of size 400 and

Two of Tom's colleagues, Anya and Sam, ea
the population mean p. These confidence

similarly determine 99% confidence intervals for
intervals, together with Tom’s, are shown below.

®

Tom *—

Alya: =

L ]

Sam

38



Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3 and 4, 2022

3. (cont)

(€) Anya makes the following statements based on these confidence intervals. Indicate why
each of her statements is true or false.

(i) “Tom’s sample has a larger standard deviation compared with that of Sam’s and i
mine.’

(ii) “Tom’s method of sampling must be biased since his confidence interval does not
overlap with mine or Sam's.’ (1]

(d) Which of these three confidence intervals contains the value for u? Justify your answer.

2]



Chapter 19: Sample Means and Confidence Intervals
9 mark
* : ° (MSPEC 2019:CA15)

sam i !
A ract)'ldon:l tea toplf/ ‘;)l:fk’l COmmute:.'s in Melbourne in August 2018 found that the average time
to0 C mmd to was 40 minutes. Repeated sampling of the mean indicated that the
standard deviation of the sample mean was 3 minutes

to

3]

(a) Determine a 90% confidence interval

f i uting time u
work, correct to 0.01 minutes, or the population mean comm g

Another random sample of 2 commuters in November 2018 found that the average time to
commute to work was 45 minutes. Assume that both the August and November samples

were drawn from the same population.

(b) What is the standard deviation of the sample mean for the November sample, correct to
0.01 minutes? (2]



Creelman Exam Questions: Mathematics Speciatist ATAR Course Units 3 and 4, 2022

4. (cont)

Suppose that the August and November samples are combined to form a sample with 3,
commuters. Consider 90% confidence intervals for the following samples for the purpose of

determining the population mean commuting time .

90% confidence interval Sample Size e
A August n
N November 2n
C Combined 3n

ntervals, A, N or C, will provide the greatest precision in

(2]

() Which of the three confidence i
determining the population mean p? Justify your answer.

(d) Which of the three confidence j
. intervals, A, .
population mean ;? Justify your answer. N or €, contains the true value of the
[2]



Chapter 19: Sample Means and Confidence Intervals
(MSPEC 2020:CA17)-

b f
gdci)ﬁsﬁrsl:r ri srea:rcclﬁren ;ample of 1 shoppers at the El Cheepo shopping centre were asked by
T how much they had spent in the shopping centre that day. Let u denote

the mean and o the standard deviati A -
. eviation rd deviation o 1S
known from previous research. of the amount spent. The standa

5. [8 marks]

A 95% confidence interval for u based on the sample is 150 < p < 200 dollars.

(a) Determine the sample mean for this sample. ]

(b) Based on this confidence interval, calculate the standard deviation of the sample mean,
correct to 0.01. [3]

The following week, the researcher again took a random sample of shoppers from the El Cheepo
shopping centre, but this time the sample size was doubled.

(c) What is the probability that the difference between u and the sample mean from this
sample will be less than $10? [4]



4, 2022
(MSPEC 2020:CA18)
6. [4 marks]

L ikkiesAreUs com
The mass of chocolate that is placed into each bnscult‘produced by ;h;gll;r;ms and stan}zlaal;g
has been observed to be normally distributed with mean u .

deviation o= 1.5 grams.

. nits 3 and
Creelman Exam Questions: Mathematics Specialist ATAR Course U

A competitor company called YouBeautCholdies produces similar piscuits. A sample o
144 biscuits was taken and it was found that the standard devia 10l e asedivthe saimple gt
used in each biscuit was 1.8 grams and the total amount of chocola

144 biscuits was 1.09 kg.

Charlie Chokka, a representative from the YouBeautChok'kie.s compam)lf,f stated that\tthW:a al:l_.
using significantly more chocolate for each biscuit than BikkiesAreUs. If you want that re

chocolate taste, then buy from us!’

Perform the necessary calculations to comment on Charlie’s claim.



7. [4 marks] Chapter 19: Sample Means and Confidence Intervals
An experiment was conducted ¢ (MSPEC 2021:CA15c¢)
me a text message’. © Measure how quickly adults respond to the request: ‘send
LetT=

0.2 L=<

|
3 J \
R

B e
e
>

-
N

w

E-S
m‘.
m.,
-~

o]

Anika, a teacher at the TekNoCrat School, theorises that as teenagers tend to check their text
messages more frequently than adults, then the population mean response time for teenagers
will be much lower than the population mean adult response time p = 3.

Anika is then presented with the sample mean response time for a sample gathered from an
unknown source.

Sample
Sample standard
Sample size mean deviation
(hours) (hours)
100 21 2]

i d and Anika concludes by stating:_ ‘this sample was clearly not
Saaﬂzlrlllefl;g);st;f ;:;flolrarﬁzn of adult response times. It is highly likely that this sample

was taken from a sample of 100 teenagers .

. ika’s claim.
Perform the necessary calculations and comment on Anika’s claim



: i 022
Creelman Exam Questions: Mathematics Specialist ATAR Course Units 3and 4,2
(MSPEC 2021:CA1y)

8. [12 marks]
n mean u (dollars) that Perth residents

A researcher is interested in estimating the populatio !
. . e g dom sample of size 1 gave a sample
had spent via online shopping in December 2020. A raréonfidencepinterval of width $200.

mean of $400, a sample standard deviation s and a 95%
(1]

(@) State the 95% confidence interval obtained.

(2]

(b) Calculate the standard deviation of the sample mean, correct to $0.01.

(c) In terms of n, what sample size would yield a 95% confidence interval of width $50?
2]

Show your reasoning.

(d) What is the probability that another sample of size 2n would prod
differs from by more than $50? pProduce a sample mean t}Eg;



Chapter 19: Sample Means and Confidence Intervals

Four different confidence intervals (A, B, C and D) are obtained for the me
via online shopping by Perth reside

an amount spent
nts in December 2020.
’C:;\.f-i;ence Sal_nple ::::!Tred Confidence
interval size deviation level
A n s 95%
B n s 99%
 C 2n s 95%
D n 0.8s 95%

() Which of the confidence intervals (A, B, C or D) contains g,

the population mean
expenditure for online shopping in December 2020? Justify your a

NSwer. [2]

(f) For each of the following, state the confidence interval that has the smaller width.
Justify your answers.

(i) AandB. (1]

(i) CandD. 1]



Chapter 1. Cartesian and Polar Forms

1. (MSPEC 2016:CF02)
b
(@) —
=iy
i 3
1

[

(-]

N

1

1
o
°E

+1

N

®) (B-i)

)
=32cis (_%)
(]
=-16./3 - 16i

2. (MSPEC 2017:CF1)
w=a-bi+i(a+bi
=q-bi+ai-b
=a-b+(a-b)i
afa-b
e
=tan’(1)
.1 3x
4" 4
Notefora=b w =0 + 0i and arg(w) is undefined
Alternative solution is:
Consider graphically by drawing the complex vectors 2
(4th quadrant), iz (2nd quadrant) and the resultant z + iz
which will be in the first quadrant if a > b or in the' third
quadrant if @ < b. Since the sides of the vector triangle
given by z and iz are congruent, we have an isosceles
triangle. Using this and alternate angles it can be sho:vn
that the two possible answers for arg(w) are 45° and 135

3. (MSPEC 2017:CA10)

(@) 42 cis (_%‘)

b)z= (ﬁcis(—g))z = 2cis(—9
#m Zﬁcis(ii—")

z' = 4 cis(-n)
© I

P11

Ly

111

|AEEN

Solutiong

(d) Expansion by a factor of ./3 i
2 and rotation of g clockwise,

4. (MSPEC 2018:CF3)
(a) Re [a-l- (b-1)i a—bi]=0

a+bi a-bi

a2+b{b—1)=0

1.2
a +b
No need to consider Imagina
Iy part
@+p-b=0
a=p-p
P 4
cisz
: 2
®) @ rcis(-6)
2. In
g
—cis(0+ ’5')
(i) y
e
180-6° e
Z
& Z+r
0!

Consider z + r as the resultant of the two complex vectors.
Since the triangle is isosceles with equal sides of r’ it

follows that d = g and so arg(z +r) = g

5. (MSPEC 2019:CA12)

2 =
o [

-1
2| _-x
—an | 22| = =7
6 =tan T 1
22
31 e
..w-iClS(:)
() z=acis 37 =4cis 3T
=-2+2J3i

1 =T 2 o i OF
(c)wz=§-4CIS(T+-3£) 2c1512

vee (i(F) 4o ¥

=1 4 (2254 25
-:1..4¢:1s(4 +3
=cisf-r

6
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(d)

7
(e) Dilation factor % (contraction) and rotation clockwise
of ;—t

6. (MSPEC 2020:CA11)

(a) Sincew =2cis g
and (1+ i);=2cis g
- = - = n
(ﬁcxs%‘) z=2cis 3
= 2cisT

z= 3”

2cis=

J—CIS4

= ﬁcis%
Lz= ﬁcns(é)

. ,ﬁcis(;—;) ) .ﬁcis(;-g) 5 ,ﬁcis(;—;)
2-2i 2(1-i) Z(Jicis(_T”))

cis (%’-'T

(3

 Arg (1) = (%)

RIi= NI=

(b)fromabove[u|=%

7. (MSPEC 2020:CA15)
. reis(—8)
@) —J2(S2cis)

= -—%cis(—ﬂ -;)

. F . T
as:'bic:s(—l?—z

= %a’s(—ﬂ —g-ur)

R ax
= iczs(-ﬂ +T)

(b) Imz

=
Rez
o
& Ju
4 A
g A
w-(o-3)
Angle f= —>—— from diagram above
L
2
Since triangle above is isosceles
T-a+ma-0= 3x_8 (Considering positive angles

i 4 2 only with no direction)
3z _g4 0=
2 3 3 -«

_51_0
pall et

Considering clockwise rotation for a

(b) Icosg + ising +2
|2.5+ %i
2 2
HRIEY
J7

9. (MSPEC 2021:CA11a,b,c)

. 5n
2cis==
(a) cis=

(b)z, = 2cos%’ + 2,'sin§6f_‘
o) +2()
=-J3 +i



Chapter 2: Powers and Roots of Complex

Numbers

1.(3CDMAS 2015:CF8)

(a) k= (2 cis(-36°))°
=32 cis (-180°)
=-32 '

(b) Roots are 72° apart

2" =2 ¢is 108°

108° = 3%

===

{c) z,=2 cis 108°

2,= 2 cis (-108°)
2,= 2 cis (~108°)

L=z,

(d) Given

Zcis%t + 2<:is‘1‘"—5"-t + 2ci55?” + 2cis7?”+ 2cis%’—r= 0
2Ci5§ + 2cis:is’f + 2ciszs"-‘+ 2ci525’-"—'

cisg ¥ cis%’_' + cis%’f + cis(i)sir =

Cisg + (cisg3 + (c:is.';_,-')7 + (t:isg)9 =1

W*u”+w7+w9=1

2 (MSPEC 2016:CA14)
(@) 2* = 16 i (=7
C1s ( 2")

ol =

= s3)

4=2cis (:é’.‘)

=2 ¢is (~5Tn)
3

z«"“2cis( Jt)

Solutiong

(b) arg (2cis(%’f) + 2)

from Classpad arg (w +2) = 0589 or 37
16

3. (MSPEC 2017.CA1)
(@)z*= % + -“?i

R

r=

—

-

]

=

o

i i

@I =g

I

&>

All roots are 2% _ R
e 3 apart

z, = (1 v:isg)lz = cisi‘%

. [T /-
Ly=cis{—+Z) =cis /T
2 15(18+g) cls 3
Since0< g < g these are the only two solutions required.

The other4solut1'ons,cisl%r,cis_5” js=1l7 j=17%

18 g s
are not in the required interval for g,
1

S *t . mn
(b) Consndermgz-— (1 clsé')

First and smallest positive root is z,= ciséﬁ
n

Since exactly 3 roots in the first quadrant then the third
- . . 27
root will be z, = cis (5 +2 :)

T P
=Cl1s (-3—rl + 7”)
The fourth root (in order) should be outside the first
: : PREIEf . 2_
quadrant but will be given by z, = cis (5; +3 n")

Al

Since the first quadrant has 0 < 8 < g then we require

R
T
n>%§ ieenz29
and also
"<3§8 ie.ns12

So 9 < ns12, naninteger
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So the sum of all the ‘i’ terms is 505 x (-2i) = ~1010;,
The positive real terms are Ty Ty Ty, Ty, ...T,
4+8+12+16+....+2020.
The negative real terms are Ty To Tio Tog .. Ty,
-2-6-10-14....-2018
Summing the real terms where each positive term oy
] weighs the negative by 2. So sum is 505 x 2 = 1010 . . Tota]

sum = 1010 - 1010i therefore r cisf has r = 410102, 10102
=1010,/2, 6=-7.

4, (MSPEC 2018:CA10)
LHS = (2cis)’ - (2¢is(Z)Y'
)zl 2
o) () - 2) -t 3
-2 o8] 2 (2 o]
=" _2fsin(’%’)]
=2m sin(%”) i

=RHS

7. (MSPEC 2020:CA13)
1
z= (8.3 +8i)*

1
2= (16cis%‘)‘ = J8.3) + &

5. (MSPEC 2019:CF9)

Investigate with n = 3, 4, 5, 6 for pattern =2 cis f- =16
4
n=3 p=(ci50)(cis%") (cis('T”)) = 8
=Argz= tan"(—) =2
8J3 6

s pe 02 fos(29) (cis%)(ﬁs(%)ﬂ
nm6 pe (oo 2 ix(20) (i) s 22))

s p=1lifnisodd
p=-lifniseven

Alternative solution

neven= p=cis0. cis 2% _cis ( 2”) cis (4”) cis (_4")

cis ("T”) =cis0.cisz=-1
nodd= p=cis0.cis 2—r:-r cis (_—;21‘"-') ...cis (___(" ‘nl)")
cis (:(n;_l)n) =cis0=1

6. (MSPEC 2020:CF8)
Sincei=1,#=-1,#=-i,i'=
Ty, Ty Ty Ty - .. will be +i terms (ie. = £ =
Soi+5i+9i+13i+....2017i
i(1+5+9+13+....2017)

T,, Ty Ty Tys Ty = sum of these is
-3i-7i-11i-15i-....-2019i
- (3+7+11+15+ .2019)

The negative i terms outwelgh the positive i terms by -2i

on each term.

There are 2% = 505 terms for both.

=2cis (-—+';) 2c15(];4
2c1s(——’2’) 2c1s( ;1
n) =2 cis 2 == T =2cis (_241‘)

8. (MSPEC 2021:CF7)

z,=2cis (2£4+

@z=(1)"

1
z=(cis(0+2kn))*,k=0,1,2,..42

2kn
z= t‘.‘ls.E

2x 4r 84::
Z =cis0, cis£= Bl
cis0, cis 3 , Cis 3’ .. Cis oF

(b) Solutions the same when

() (%)

2kn _ ?.krt

B T7

kivk,

43 77

47k - 43k _ 0
(43)(47)

k=0

k=0

Only solution that is the same for both is cis0.
So only 1 of these roots.

=0



Clapter 3: Graphing 1 the Compley: pigy,
ne

1. (MSI’EC 2016:CA10)
(a) I

— 4 B
BN AR
LN _m:

Re(z)

=2

—_—

Y

(b) Distance from z to (1, -1) is greater than or equal to the

distance from z to (-1, 1).
Im(z) ¥t
=8 A
N
D ANINVE
N\ NS
\\\ 2 A
\\ \
3 N
N \.‘
< \—! - X ] > Re(z)
R sl e
TS
=2
¥

(©) [z+2] =]z~ (-2+0)]

Require max distance from (-2, 0) to a point z on the circle.
This is the distance from (-2, 0) through the centre to a
point on the circumference.

Max distance = J22+ 2241 =8 +10r2J2 +1

2. (MSPEC 2017:CFé6)
@) |z-(0+1i)] =1
Sz-i] =1

(b) = tan™'(2)

Since ray = y = 2x and equation of circle is LHy-17=1

point of intersection is
2+ 2x-12=1
P4l -4x+1=1
5¢-4x=0
x(5x-4)=0

4
x=0 =_
orx 5

101

Solutions

3. (MSPEC 2018.CA11)
(@) Iz~ (1-2i) <1

®) Arg (z- 0+ )= 31

Arg(z-i)= 3%
()

Im

max
Argz

r

Distance from origin to centre is §1° + 2°= /5
: 1
sing=— ¢=0.46365
¢ g ¢

tan (0 + ¢) = % 0+ ¢=1.10715

5 0=10.6435
Max Arg z = 27 - 0.6435 = 5.64

4. (MSPEC 2019:CA10)

() Arg (z- 0-20) = § .

z=-2 k=7

(b) We require the minimum distance from (0 + i) to the
half line above. i.e. the perpendicular distance from (0, 1)
to (1.5, -0.5)

Using a right triangle with these points and (0, -0.5) minimum

distance = (%)2 + (g)2 ~ 3%

5. (MSPEC 2020:CA10)
(a) The locus is the intersection of a circle and a region

defined by half lines.
Circleis |z- (i +2i)| =2
Half line region is 0 S Arg (z - (i + 20)) < %"

To get %"—' we need the y intercept of the circle

(x-1)7+ (y-2)*=4 withx = 0 gives (y=2)*=3
y=2+J3 (2-43 islower).
Using right triangle with vertices (1, 2), (0, 2 +43), (0,2

o
givesa %' angle in triangle so supplementary angle is -3"—' a



Creelman Exam Question

(b) Im

4——0—}'—'L—§—$——$—|—q‘—{——§—|v)ﬂe
slsialliyleld
1 l } ;1__ ! |
|| J‘ ‘ | i T
‘ : ‘ ‘12“ | =
= | |
] 1 _3_‘_,!

lz-(-2+0)| = |z- 0+ + 5
The distance from z to (-2 + 0i) is equal to the distance from

zto (0 + i) plus 5.

6. (MSPEC 2021:CA11d)
; 5rn
=flean¥« = 2k
lz—-i] = 2 g Argz =

Chapter 4: Solving Polynomial Equations

1. (Projected CF)
(a) 22 - isa factor = £ () =2(3 +a(})” +b(Y) -1=0
2412 f(-1) =21 + a1+ b(-T) - 1= -6

1 13
Solveza-*ib 2
a-b=-3 a=-1,b=2
b f)=22-2+2z-1
zz+1

2z-1 |223_22+22_1

L f@)=@z-1)2+1)
f()=0=(@z-1)(z+i)z-7)

.'.z=%,-i,i

2. (MSPEC 2016:CF03)

(a) f(-4) = (-4) + 2(-4)* - 5(-4) + 12
=-64+32+20+12
=0

. z+41is a factor
(b) (z+4)(Z+bz+c)=0
(z+4) (2 +bz+3)=0

Equating z coefficient

3z +4bz=-5z

3+4b=-5
b=-2
(z+4)(2*-2z+3)=0

L2 2242 -4(1)3)
2

2=

I

2
=1=.2i
Solutions are z = -4, 1 = ./2i

s: Mathematics Specialist ATAR Course U

nits 3 and 4, 2022

3. (MSPEC 2017:CF2)
(a)f(ﬁ!)=2(Jir)’—5(ﬁt)’+4(v’ie)-1o
=2(-2421) - 5(-2) +4.2i-10
=_4Jii+10+4./ii-10
=0
.+ =z - J2iisafactor of f(z)

(b)z+ ~2i (conjugate will be a factor)

(© (z- 2+ 222+ =/C)
(zz+2)(zz+k)=223-522+4z-10
o 2k=-10

k=-5
Fl)= (- 2}z + 420)(22-5)=0
soz=%.2i,25

4. (MSPEC 2018:CF7)
(a)22=-1
z=1cism 1cis g,l cis (:5’!)

(b) P(z) = (2> + 1)(2* + bz + 5)

the z* term is

22'=bz' sob=-

Q) =2-22+5

() (2 +1)(2-22+5) = 0

Solving z* - 2z + 5 = 0 by quadratic formula or completing
the square givesz=1+2i

B3 B Li1a

5. (MSPEC 2019:CF2)
(a) P(2i) = (2i)* - 2(2i)° + 14(2i)* - 8(2i) + 40
=16 +16i - 56 - 16i + 40
=0
. z=2iis a factor
(b) P(z) = (z - 2i)(z + 2i)(2> + bz + ¢
= (2" +4)(2 + bz + 10)
Equating co-efficients of z* term.
bz = -27°
Sb=-2
~ P(2) = (2% + 4)(2% - 2z + 10)
2=22486 g 45

All solutions are 1 + 3i,+2i

6. (MSPEC 2021:CFé)
@ P@) = (z~ 2 +4i))(z - (2- 4)) Q(z)

1:(2) = (2"~ 4z +20) Q(z)
So z‘- 4z + 20 is a quaderatic factor of P(2)
(b) 2* - 62 + 3122 - 522 + 60 = (22 - 4 + 20)(2 + bz +3)
Equating co-efficients of z°

~-6=_4+ b
b=-2

Solving 22 - 2, +3m(
z=2:/4-T2
2
=1=2i

Full solution js 7 = 2+4i,1% .2



Q_zﬂgfter 5: Composite and Iﬂm

01S
Functions

1. (])r(ﬂfﬁ:tefi CF)
@x$1y20 (b)ffg(x))=x.g(ﬂx))= | x|
@xsLysl (gl =1-2 5
©) f and g are inverses of each othe

. - r
(f)domainisx <1, range y > 2

2. (MSPEC 2016:CF01)

@8N =

(b)(i)x>0:x*1

3. (MSPEC 2016:CF08c,d)
(@) k=1

To have the largest domain
left half of the function othe

B)x= (-1 -4
tfr+rd=y-1
y=1iJI+4

tohavearangeof y<1
Require f'(x) =1- J/x+4,x2 -4

rwise not one to one.

4. (MSPEC 2017:CF4)
@) A

0 o
S

O S
N\

&
L
N

||

®) Jy-4=1-x
y-4=(1-x)
y=fim=(01-x°+4
Since Ris {y | y <1)
= Dyais{x | x<1)

©f gt =f(2) =1- [5-4

(d) Using the unsimplified rule for f ¢ g(x)
1
— 24
=

25l

£

solution -:1-! <x< 1

2

SoDy,, is {xl—%sxS%, x"o}

5. (MSPEC 2018:CF1)
@) gof()= 23
f&) o

x-3-2

possible must consider only

Solutions

(b)x23,x=7

() Not true. Since D, is x 2 0 (R,is y 2 0)
X = -1 is not within D,Ll

6. (MSPEC 2019:CF4)

(al)J;:_1 ®)x20,x#1 () yS-1,y>0

(d) Now Jx_z = |x|

So £ (g =

= f(h(g(x))) = I—l-i- forx20,x#1only

But —1_ # 1 forx<0
x-1

x| -1
.. Not true
7. (MSPEC 2019:CF5)
(a) y
\\ F
LN -
N[ x
N
e -\\
. | 2
()= 2o (y-42-3
+ Jf16(x+3 =y-4
4+ J16(x+3) =y
Since Dy isx <4
S Rg''(x)isy<4
and g''(x) =4 - J16(x +3),x2-3
8. (MSPEC 2021:CF2)
(a) y
1\
3 A .
L~
: YIS
A /
< é > X
2 . 1 2 3 4
1 P
t L
B2 e
¥

(b) g is not a one-to-one function. It fails the horizontal line
test.
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(€ x=2-2/3-y
2J3-y =2-x

- (="
3-y=(F)
xl
f"(x)=2+x—z,—25x52

@) f0)=2-243
gf0)=(2-243)+4 whereg(x)=x+4,-25x<0

=6-243
(e) Since the range of g(x) is 0 Sy S 4 and the domain of f(x)
is -1 < x < 3 these must both be restricted to 0 S y <3 and
0 < x <3 respectively (i.e. overlapping). Working backwards
with the restricted range of g(x) gives a restricted domain
of -2<x<-1,05 < x <2 forf(g(x)).

Alternatively use f(g(x))=2- 2J3-(x+4) =2~ 2/-x+1

or fg(x)=2-2J3-(4-2x) =2-242x-1
Solving-x-120=>x< -1
2-120=x2

Then using end points of the domain of g(x) the restricted
domain becomes -2 < x < -1, 0.5 < x <2 for f(g(x)).

Chapter 6: Absolute Value and Rational
Functions

1. (MSPEC 2016:CF08a,b)

(@) 2

A

o
R
=

(b) 4

al
——]

>X

ol
=

st ATAR Course Units 3 and 4, 2022

2. (MSPEC 2016:CA12)
(a)n=—2,b=3,c=5 -
(b) Horizontal line given by y = d would cut the o,

that looks like W at4 points for y values givenby 0 < g <5

3. (MSPEC 2017:CF5)

—4(x-3)(x+1)

e —
= GoHE+2)
vertical asy. x = -2, x =4
horizontal asy. x =+ ®

_4x”
§-=—5
ny=-4
x intercepts x = 3, -1
-4(-3)(1)
(-4)(2)

y=-15

y intercepts ¥ =

Other points ¥ I

! kld!.
4

A
1
P.
2
o
|
7
Y

4. (MSPEC 2017:CA16a)

Gradient of arms = ié

a
f(x) = glx ‘al

5. (MSPEC 2018:CF4)

vertical asymptotes at x = ¢, x = d
ne=-2,d=3

Y interceptsatx =g, x = =
.'.n=—3,Pb=l Bl
horizontal asymptote aty = 2,
Dominant powers has

2
fw=k
X
nk=2,



C 2018:CA14
s (MSPE )

A

o

[ ]

()

2 [ e

Y
3 o1
Horizontal line y = 1 cuts |f(x)-1] atx=-1,01

Solutions

7- (MSPEC 2019,
1tx)

f(x), drawn like
this, passes both the
x horizontal and vertical
line tests since f-(x)
is also a function,

8. (MSPEC 2020:CF3)

a b ¢
2 4

d
1 3
* a is determined using dominant powers to give the

2. A&
horizontal asymptote of y =2 [aiz =y|.
X

* bis determined using the x intercepts which are -2 and 2

sox’-bmust be x? -4 = (x - 2)(x + 2) on the numerator.

* cand d are determined by the vertical asymptotes at
¥=-land x =3,

9. (MSPEC 2020:CF5)

1 i 4 P S SR
—_——— T §
| {

(b) The graph of h(x) will be vertical dilation of factor 2 of
the graph in (a).

Hence x values not affected by vertical dilation.

Dy =(x|xeR, x#-3,1}.

The range of h(x) will be affected. y values multiplied by
a factor of 2.

Ryy=lyly<0,y22].

10. (MSPEC 2020:CA21)
N (k)

Note: The sketch of the graph above of. N(k) is done ll.?sr
considering the number of intersection points of the grap
of y = |f(x)| and y = k (horizontal lines, k € R).



Creelman Exam Questions:

11. (MSPEC 2021:CF4)

Mathematics Specialist ATAR Course Units 3 an

y
Isl\
8 7
i 1/
IS /
| ; /
/
7
5 | 4 3 -] - 4 X §
; /
/ : ¥
11/
7 z
7/ al /
/ AN
/ &
/ P

’ I J’v
|
Oblique asymptoteat y =x -1

Vertical asymptote at x = -1

: =0-4 _
y intercept 0T -4

x intercepts 0 = x* - 4
x=12

Chapter 7: Vectors

1. (MSPEC 2016:CF07)

2
(a) Centre of circle is midpoint of A and B = (_1]

4 (2 *
radius = (0] - [—1]
3 4

= .6
2
. Vector Equation of circle is |r - [_1] =./6
4

— —)
(b) n = OA x OB

-

d 4, 2022

6
plane is I'[—ZOJ =0
-8

2. (MSPEC 2017:CF7)

(a) (i) Vector equation of line use
"

r=A+\AE

4

= 0 + A

0

a & o
1
S O =

=0+7\.
0

4 -4
4
c

(ii) Equation of plane r* n = k
—_ —
n=AC x AD

4 0
=0 [x]4
0

-
L]
= O n
P —— —— -
n
S

Since r =xi +yj + ¢

Cx+4z=4¢j i
2= 4cis the equation (cartesian) of the plane.



(b}Requ'“e AE * BG =0
4
4
4 ¢ | 4 =0
c C
=0
16-16%¢
=32

c=442 (c>0)

3, (MSPEC 2018:CF8)

3 -8 0
@lé]|*l 27| o0
0 0 54

o) ¢ (axD) = daxt| cos g
angle is ¢ since a x 13 = n which is paralle] to , axis,
Sinceex{l = |f_1| |33| sin r:t we have
c*(axb) = |dcos ¢ |al |b] |n| sin @
= (|al[blsin8) (|c| cos ¢)
= (Area of base-parallelogram) (perp. height)

Note: the base is on the xy plane and || cos ¢ is the height

along the z axis which is perpendicular to the xy plane.

-1 0
©l 2110 = 270 units®
5 54

4. (MSPEC 2018:CA17)

-3
6
%

(@)

(b) r-n = c isalso the equation of a plane.

-5
r-| g |=c
-6
3) (3
1|:] 6 |=¢
5/ \¢

=-33

i

=3+ 6y - 6z = -33
X -2y + 2z =11 as required

{1
-1 -6

IS the €quation of the line that passes ‘through
¢ sphere along a radius to the point of cont

represents the vector that is perpendicular to plane I'L

the centre of
act on the

Solutions

Sphere and the plane,

-3
6 ] is perpendicular to the plane
-6

ast i
S the radius and the Plane are perpendicular at the point

of contact.
Substitute vector equation of line above into

-3
| 6 =-33

-6

3-3A -3
4+61 || 6 [=-33

-1-6A -6
-3(3-32) + 6(4 + 62) - 6(-1 - 62) = -33
o 2
AT

5 3
Length of radius = || o [-| 4
3 -1

N2t 4
=6
Cartesian equation of sphere is (x - 3)* + (y - 4)* + (z + 1)* =36

5. (MSPEC 2019:CA16)

-2
(@r|_q |=4
1
-2
So | _1 [isonesuch vector
ekl
2+A
(b) Substitute | 23 | into plane equation
3-A
2+A -2
YT ] [ ] Bk
3-4 1
22+ A)-1(22) +13-A4) =4
A=-1
pOint is (11 "21 4)
-2
© is LtoII,
1
MisLtoIl
-2 .
_1 |is parallel to or can lieonTl,
1

197
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) 1
Since L, is on IT, then 2 |liesonIl,
-1
1 =2 1
= 2% 41| =2
-1 1 3
1
=
3
2)
0 . =11
3

2+ A4
(d) Substitute | 5, into equation of sphere
3-4
2+A 3
24 [-[1 [[=+35
3-A 4

Solve (A-1)2+ (24-1)%+ (-A-1)% =35
sl
A=-2,2%

2 solutions so 2 points of intersection
.. not tangential

6. (MSPEC 2019:CA19)
Let the equation of the line emanating from (2, 3, -7) on
and perpendicular to plane I be given by

2 a
r=| 3 [+4|p
-7 C

This line intersects plane IT,at some point (1 = 4,)
2+ M0

So| 3+Ab
-7+ A

a2+ Aa)+ b3+ Ab)+c(-7+ ) =4
Ma+bP+)=-4-(2a+3b-7c) —Eq1

=4

LT~ L -

a
I1, has equation r+| p | =11
¢

(2,3,-7)isonIl;so 20 +3b-7c=11
Substitute into Eq 1
M@+ +d)=-4-11=-15
-15
e
e

The distance between the planes is the distance from, 23,

a

[~ ]

-15 .
Mtor= + ————| p | onII,which s oj
7
2 15 Z = : -15 Z
_; a2+ b2+ P p _7 A+ b4 2 :
= ._IE_.JaZ +b%4
a? + b2+ ¢
= 15 as required
a2+ b2+ ¢
7. (MSPEC 2020:CF2)
3 1 1
@n=|o[x]-1(=[-5
1 2 -3
1
b) r-[-5]|=c
-3
0 1
0 S5 [=¢
4 -3
1
c=-12.r. -5 |=-12
-3

Cartesian equation is x - 5y - 3z = -12
8. (MSPEC 2020:CA20a)

—

PO =(1-k)a + kb

b 2

QR =(1-k)13 ~ka

Using the dot product of these vectors
[(1-K)a +kb]-[-ka +(1-k)b]

=~(1-kk |a I+ -kk b |?

Since square |a | = | b |
=0 LPQR = gQ°
9. (MSPEC 2021:CA16)
(@) Bis (2, 4,0)
N B
BT is | 4
3
2 -2
TTla [t 4 | a0
0 3



Centre of sphere must be centre o
B s (121:5)

)
n .
rCa‘;ius — distance from centre to (0, g, 0).

fZ 2 2
radiu5= 1 +2 +1-5 =gg

gquation of sphere is (x - 1) + y-2y+ (z-152=2
T

f prism,

) >
© vector equation of AM is

=
n
(=]

+
=
N

0 15

Pathscrosswhen
2-2um2-20
2p=4-4l

ubstituting into equation 2 gives
2(21) =4- 4N
8h=4
A=05
Substituting into equation 1 gives
2-2()=2-2%
r=0

Since linear paths, there can be only 1 point of intersection.

So contradiction that A =0 and A = 0.5,
No solution .. paths do not cross.

Chapter 8: Applications of Vectors in
Three Dimensions

1. (Projected CA)
Solve simultaneous equations on Classpad
10+3t=28+2s
S+t=2-4s
5-2=-31+4s
Solutionis t=9 s=4.5
So no collision but paths do cross at 37i + 4j - 13k

2. (3CDMAS 2015:CA18)
(a)Sp = 410%+ 10% + 5°
=15km/hr
) = [22,-23, 5] km
20 30
@r={ 10|*t[ -30
-30 15
(d) D= |IB & IAl
42 - 20t
= (ZOt A 33]
10t + 25.

2
D= J(42-208)7+ (20¢-33)" + (10t + 25)

() D = 4/900x” - 2500x + 3478

dD _  1800x-2500 i
J90052 _2500% + 3478

Max or Min at 1800z - 2500 = 0

X=138 hours
D=4174m
523 pm

Solutions
3. (MSPEC 201 6:CA20)

(a) Vector Equation of line SB is

2\ 1
{=[3 +}.[ 1]
6 -1

Point of intersection of line and plane
-2+ N
[ J+h| [3 =9
6-2
A=6

=

(®) Let &, = [Z]
c

“11"_’ = «/12+12+ 1? 4/124-22 cosf=1

cosf = —1—

a
n:iz-r_z =1 J1%42% cosf= [b][g

c

b+2c= % — Equation 1
—t_il-t:if S 1 cos26
-1\ fa i
It

1 ¢
-13./3
15

e RAE

g

‘?2'[ 2} =-3a+2b-c=0 — Equation3
A1

Solving 3 equations on Classpad gives

d =058i +0.81j -0.12k (2d.p.

-a-b+c= — Equation 2

4. (MSPEC 2017:CA14)

160
(@r(120)=| 7
476

. 47,6 m high

Ju—
(b)Dry or D =rp-1p

100 + 0.5¢ 200
= 0.6¢ =] 150
50 -0.02¢ 30
0.5¢t-100
=| 0.6¢-150
20-0.02¢

199
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(c) Interference when

[pr] or |TB| <50

0.5¢-100
0.6¢-150
20-0.02¢

Solve on Classpad

J(0.5t-100)% + (0.6¢ - 150) + (20 - 0.02¢) = 50
17431 < £ <285.71

285.71 - 17431 = 111.4

- 111 seconds

=50

Chapter 9: Vector Calculus in
Two Dimensions

1. (MSPEC 2016:CA16)
() x=4cos2t y=2cost
x = 4(2cos’ - 1)
x =2(2cost)’ - 4
x=2y-4,-45x<4
( ~8sin2t )
-2sint

(b) 5= Iv(t) =

5= J(-8sin(26))% + (~2sint)?
atx=-2 -2=4cos2t
=1.047sec. F
t=1 sec 3
S$=714cm/sec (2d.p.)
(c) (4 cos 0, 2 cos 0) = (4, 2) so starts at A (t = 0)

Since cosr=-1so0 t = xwends at B (4, -2)
T

Distance = [ f_gsin(26))% + (25t %!
0

2. (MSPEC 2017:CA15)

(2) 2(0) = 2j

On the diagram this vector should start at A(3,0) and go
vertically up 2 units with arrowhead at (3,2)

3n
7
(b) J‘-— sm(g)f + 2costi dt
0
(o) r(f) =f- sin(?£’)5'+2costidt
=3cos (é):-r 25intz te

r(0) =3i = 3cos0i + 2sin0j + ¢

c= Qi+01_1'
¢
f(” - [ 3cos§ ]
2sint

R Course Units 3 and 4, 2022

1C05't'
(da(r)=| 33
) -2sint

Velocity vector horizontal at point B, i.e. v = ki + 0;
Since j component of velocity is 2 cost then

2cost=0
= g (the first time)

a(g) =-0.29i - 2j

(e) Time for 1lap is
=27 67t seconds
3
6
Distance = flt_f(f)l dt

0
6

= fﬁ[—siné)z+ (2cost)2dl
0

=28.16 m

3. (MSPEC 2018:CA19)
(@) v(ty= [-9.8j dt + wi
v(t) = -9.8tj + ¢, + wi
v(0) =70cos8i +70sin6j = c, (t=0,w=0)
. v(t) = (70cos0 + w) i + (70sinf - 9.8¢) j
r(t) = (70cos8 + w) ti + ((70sind)t -4.9P) j + c,
H0)=0i +0j =¢,
r(t)=( (70cos 6+ w)t
- (70sin )t —4.9¢
(b) x = (70cos8 +w) ¢
¥ =(70sind) ¢ - 4.92
I= X

" 70cosBrw
Substitute into second equation

= (0sinB)x 49,42
70cos +w (70cos 6+ w)?

g:)e "::‘SE i[S])given by the x intercept of the parabola in (b)
.e.aty =
Solve on Classpad

2) as required

0= (70sin)x 49,2
70cosB+ 2 m

0=x(_70sing 49,
(70c036+2 (70cosﬂ+2)2)

(70cos 6+ 2)2.9
49

Maxi &
imum x a¢ d_';--Ofor (0° <9< 90°)

From Classpad x = 45.6° (45.5737)



Mot == .
4.)(1 wfl Ho)y=r2i+]
a i
SO ("21 1)

) o) ’5'“‘(£)f =coal ]

poll . D=

/

AHH

[ile

|
T Y

Ae-1—

vio) e

~

11

Ly

.

TON
f

2 -1 1

() Period is 47 seconds (25/0.5)
4n
Distance travelled = f
0

(sinO.S t)

d
-cos t f

4n
-f J(sin 0567 + (cos B dt
0

(dx=-2cos(05) y=1-sint
cos }=2cos*(0.5) - 1

-n2
-2(3) -1
=1'2_1

2
sinff+costf=1

(t-y)2+(’~‘;—1)2=1

4
F-2y+1-2+ =0

5. (MSPEC 2020:CA12)
(a) Since at top t = 65 sec
0.2(65x) = 40.84 m

-sin(0.1¢)
®) () =| cos(0.16)
0.2

(c) Speed = |o(s)]
-sin(0.1¢)

cos(0.1¢)
0.2

J(=sin(0.10)% + (cos(0:11)* + 027

= 14022

=1.02m/sec

6. (MSPEC 2021:CA19)

~0.05¢
(@) x(f) = 1-328-0.05: gt = 32e +c

-0.05
Att=0,x=10p
Solve 1090 = 32¢°
& *°
=740

Sox(h) =740 - 6407005

LLdUUnS

(b)Att=3 =120 2.5(3)
$0 97.5 metres above horizo
Att=3, x = 740 _ 640g-0050)

=189.15 metres.
Sloped ground is given by
y=170-05x
Y =170 - 0.5(189.15) = 75.43 metres.
Height of skier above sloped ground is
97.5 - 75.43 = 22,07 metres.
() h=120-252

= 97.5 metres
ntal ground.

dh

o = -5t

2
2 e 5ms-9p
dt

s=48m/s

(d) From Classpad
Intersection of the curves

y=120-1000 ['“(74536’)]2

and y =120 - 0.5x is at (255.92, 42.04) metres.
Using h = 42,04 = 120 - 2.5¢ and solving for ¢
t=5.58 seconds (or alternatively solve 255.92 = 740 - 640¢°™")

@ V=02 ")

V(558) = (37234 m/s.

Gradient of sloped ground is -0.5 which can be thought of

as the vector 2i - j from the point of the skier landing
down the slope.

Angle between vectors from Classpad, using Action/ Vector/
Angle ([24.204 - 27.92], [2- 1]) is 22.51°

Chapter 10: Systems of Equations

1. (MSPEC 2016S:CA8)
(@)

x+y+z=4 ..R, mno change
2x+3y+z=8 ..k, no change

py+z=p'=1 .R, R,-3R-R

x+y+z=4 R, no change
y-z=0 R, R, > R,-2R
py+z=p -1 ..Ry no change
(b)
Xty+z= R
y-z=0 R,
(p+l)y=p:'—l ...Rj R] =R1+-R3
(©)
x+ty+z=4
y-z=0
p+)y=p-1
If p=1,2y=0
y = 0 giving a unique solution
x=4,y=0,z=0

If p=-1,0xy=0
i.e. 0 =0, giving infinitely many solutions
z=-1, . y=-1x=6
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2. (MSPEC 2016:CF06)

@L 5 1 ' 4
04 -2 '4|R,-3R,
|
R.-2R
0-3 -1 'g/ 31
& |
111 4
0 =42 :_4
00 2 :_20 4Ry -3R,
z=-10
y=6
x=8

(b) Repeat steps for part (a) except with the k in its position.
Row operations as before lead to

1.:%- A 4

[

I

04 -2 :_4

0 0 4k-2 :-20

no solution requires 4k -2 =0
_1

Sok 3

3. (MSPEC 2018:CF2)
(a) Adding last 2 equations

3x-22=7..@
Adding first 2 equations

6x-3z=9..0®
Then®-2x®

x=-1

y=1

z==5

Solution is (-1, 1, -5)

(b) Unique solution for all values of k except -1. So k = -1 is
unique solution.

When k = -1 there will be no solution since the last 2
equations represent parallel planes x - 2y -z =¢, c = 2,6
meaning all 3 planes cannot intersect simultaneously at the
same point(s).

4. (MSPEC 2020:CF4)
(a) Not parallel. The co-efficients of the x, y and z terms in
any one of the three equations are not multiples of the
other two.
(b)I, + 11, gives2x=11 x=55

II,-N; givesx=3

I, + 11, givesx=8

So no solution.
(c) Three non-parallel intersecting planes. Whilst pairs of
the planes intersect along a line all 3 planes do not intersect
simultaneously at the same points together.

5. (MSPEC 2021:CA14)

(a) 22+ 4c =108
3a+6c=162
2a+5c+2p=152

cialist ATAR Course Units 3 and 4,

2022

(b) The third equation subtract the first equation is
1c+2p=4 i
the total cost is
(c) ???c Equation 1 gives 6a+12c :-: 324
2 x Equation 2 gives 6a+12c =324
So Equations 1 and 2 represent the same plane. Hence
infini lutions.
Eg?gieo:emc Inte retation_Tw? planes (Equations 1 ang 2
which are the same plane bemg 1ntefsected or cu.t by a thirg
plane (Equation 3) along a line with each point (infinjte
number) being a solution. . .
Since only whole dollar amounts fqr t!-les ticket prices which
are positive, there are not really infinite solutions in the
context of the problem. Only multiple number of solutions
along the line which are whole number co-ordinates,
(e) From part (b): 1c+2p=44—>p=22-05¢c
From part (c): 6a +12c = 324 »a=54-2

+
Also given thata <c <pandag,cpez.

Sincea>c¢
then54 -2c>¢
54 > 3c
18>c
Alsoc>p.
Soc>22-0.5¢
15¢>22

22
> 2 =147
€15

. ¢ 216 (must be even otherwise p will not be an integer).
If c <18 and ¢ > 16 then ¢ = $16 so a = $22 and p = $14.

Chapter 11: Implicit Differentiation

1. (3CDMAS 2014:CF5)

2
ZyQ-Sx’ g ML LT
dx dx 2y
At(L1), mad i i 3,1
(1,1), m > = Equation of tangent is y-Ex-E
: .1 ; ! 1
Point Qis (5,0) and point R is (0, -E)
1 4
N
1 P(1,1)
el f"\ ......... 5 - X

\.:j'/d(w'a.'o)' %
¥ ro.-1r2)

W

APSQ"'AROQ & ‘12-—52=
QR Qo

P ecccncnassenunn

2:1



f+yislu—vh~ 'hyﬁ e ¥

dy ==
o 2, -243)= =
vy & Nz
o %x + cand subst. (2, -2./3)
3
_28_-83
c"z‘*/:3 B 3
J1, 8
y’Jg 3
py=x-8

3. (MSPEC 2017:CA12a)
Differentiating implicitly with respect to x, we have
1 + _1— ‘_i_H =

2 2.y dx
| dy - _oly
dx Jx

4y g=_ A8
m dx(1'4) ﬁ_-z
Ly==2xtc
4=-2(1)+c c=6
y=-2x+6=>2x+y=6
as required
4. (MSPEC 2018:CA20)

@3 +y2=1) (21+2y%) =y3-2.x+x2.3y2%

(b)3(1+1-1) (2+2%)=1'2”'3'%
3(2+23_i)=2+3§i;
6%—3%=2—6

m i 3
(¢) horizontal gradient at m = i—z =0

3+ 2= 1) (2x +0) = 2xy + 0
6x(X* + 12 - 1)* = 2y

Solve simultaneously on Classpad with (¥ + -1y =x%’

(0.514,1.237)

5. (MSPEC 2020:CF6a,b)
(@) y=2tan x

| 4
3 tan x

f-s
()

8= Fx) = tan”? (%’) )

/

witha=2,b=4

6. (MSPEC 2021:CA18)
2 dy d d
3 =3x.
(@) +3y’dx 3x lﬂ +3y+1¢-i¥
dy -
dx(3yz'3’~"'1) =3y -3«

Substitute into equation of curve

£+ (2 =3x(2) + ()

L+x-30-2=0

P -2x-1)=0

=0 or *-2-1=0

x=0 Solving on Classpad

is the other point apart for the solution point A,
from A and B where x=-0.460

the gradient is 0. y=0212

Chapter 12: Related Rates

1. (CA 2008:14)
By Pythagoras’ theorem: I* = x* + 25?
when I = 65: 65% = x* + 25" = x = 60

. . ~ dl _, dx
Differentiate w.r.t. time 2/ %" 2x T

2x65x1.2=2x60x‘;_‘:
dx
—=1
dt -
The kite is moving at 1.3 m/s
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2. (MSPEC 20165:CA11a) (c) Differentiate implicitly with respect to time

. N a
d.

5 -g0sin0 * 10
The volume of a cone is given by V=%m’h 2 ai dt
. T
=_1_:dr‘,sincer=g ds-wsmﬂ‘g
. a2
i‘_f 21 7 2n
dh 4Jd al‘-_-4 9=4x.’6_'=.3.
dh
To fi d_ henh =
o fin whenh =25 &fsm(ﬂ)
dh _ dh dV %g___._________.___
t dV dat ¢ 2 89—80cos(%’-')
= 4 3
:? ’ =1.60 m/sec
12 h#0 p 80"tsmﬂ
e =45 - on Cla ;
nh’ (d) Sketch y at ~ 2./89 - 80cos6 sspad and find

= A8 ,whenh=25 co-ordinates of maximum value.

B First max. @ (0.8957, 2.618)
is i i 48 i the ©0=08957
The depth is increasing at the rate of o m/min when the 0 s B cos 0.8957
depth of the ethanol is 2.5 m. - 0.625 (or g )
3. (MSPEC 2016:CA15)
(a) V = Area x depth 5. (MSPEC 2020:CA20b)
o P Using x as defined
- dx .02
=4 dt
dh _dh _dv Area of PQRS is given by considering the length of the side
®) 7 at v dat of this square.
By Pythagoras

=_- -0.08
el PS= Jx*+(10-x)°
008 2
" 5oe 008 Area= (7, (10-x)?)

=-002m/hr 2d.p)

= 2
. dh_ 1.8 :Ax%(lo—x)
dt  8h 100 , o =2042(10-x)(-1) = 4x-20
|
~ “100n dA _dA dx
dt  dx " dt
= - L dt -
@ o= -1 -3
I12=_ Bypn e -8)(0.2) = -1.6 cm?/sec
2ol 100

6. (MSPEC 2021:CA9)

t=0h= % (max height)
2 Speed of beam of light is d’:

b )
. ow dx _dx do
; t dt  de dr
' = — —_—
2 50 8
Given — =2 = 65 rads/min (3 revolutions/min)
4. (MSPElC .‘{017:CA18%2 ¥ Lén_ x .
() 1 revolution every 12 seconds 5 15 ™ s/sec
%’ ot T radians/sec Also tanf= gx—o
(b) Using cosine rule @
o2 = 52+ 82 - 2(5)(8) cos@ d: S0tang
=89 - 80 cosf 76 = 50sec?g
ﬂ‘x 50 e
ar - cos2g L ﬁ

at 100 metreg up the coast x = 100 = tan8 = 15.—%0

204 g=tan"(2)



B 50 .4
—? (cos(tan—lz))z 10
=78.54 m/sec

Chapter 13: Integration Technigues

1. (3CDMAS 2011:CF6)

Let u=2!3+£+1==dt‘ du

6f +1
When t =0, u—landwhent-wu =2011.
The required integral, I, is thus

2011
1= f L au=2457™

1y

~

2. (MSPEC 2016:CF04)
2) a(x-3)+b(x+2)
@ = Gr2x-3)
_(a+b)x+2b-3a

(x+2)(x-3)
=2>a+b=1 2b-3a=-8
a=2 =-1
o 42 1
“¥+2 x-3
(m‘x—s)

n|x+2| In|x-3|+c¢

x-3

3. (MSPEC 2016:CA09)
Uu=l+x=uy-1=x
du = dx

n

1-=“'(u—1)u2 du

n+2 n
=J(u < 2) du
n+4 n+2
B br pies 4
n¥d pFate

2

o

S22t 2Jaen™?

n+4 n+2

4. (MSPEC 2017:CA16b)
a

I=J‘f(2x—u)dx

-

2

a

= du
_!;f(“)-z-

% J‘f(u)du

2J2011-2

Solutions

a
Since ff(u)du is the area of the triangle with base ‘a’ and

height ‘b’
=1,axb
=g
_ab
4

5. (MSPEC 2018: CF6)
(@2=a(x+1)+ b(x- 1).
x=1=qa=1
x=-l=p=-1

®)=1f2 ar
x-‘l

1 1
| L

[In|x-1| - In|x+1|] + ¢

TR o T S

—

n|*=1 +¢
x+1

n

6. (MSPEC 2019:CF3)

(a) 2 + 5x + 6= ax(x + 3) + b(x + 3) + cx?
27 +5x+6=(a+c)x*+ (3a+b)x +3b
a+c=2 3a+b=5 3b=6

Solving
b=2 a=1 c=1

O+ 5+

x+3

=In x| —% +ln|x+3| +¢

7 (MSPEC 2020:CFéc,d)

(a) T = x=3)+r(x"+4) iz + 4)
x’+q *-3 (x* +4)(x-3)

- gx-—35+rx2+4r
(x2+ 4)(x-3)

= ch2 +qx+4r-3q
(% + 4)(x-3)

- 3x 42146
(x2+4)(xﬂ3)
withr=3 g¢=2, 4r-37=6

3
(b)= fz 4+ﬁdx

=tan-'(§) +3In |x-3| +¢

8. (MSPEC 2020:CF7)
1
u=(x+2)* w-2=x

b
du = %(I+2) 2y

1
du = dx
ZJI +2
du = ~2—- dx |
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2udu = dx
3 5

=3fu =2 . 2udu
1 n

3

=6J'u2-2du

1

3 3
=6lH _

6[3 2“]1
=6l(27 _a\_(1_
o((3-9)-(G-2]
=28
9. (MSPEC 2021:CF3)
Letu=x-2 x=2-u=0
du _ =3 y=
e 1 x=3-u=1

1
=15 ydx - du
{(u+2)u =

10. (MSPEC 2021:CF5)

(@) 7x* - 12x + 2 =a(xX* + 2) + bx(x - 2)
=(a+b)*-2bx+2a

2a=2

a=1

2b=12

b=6

-r1 6x
(b)-fm +x2+2dx

=In|x-2| +3In(+2) +¢

=tn|e-2)2+2)Y +c

Chapter 14: Integration Techniques and

Trigonometric Functions

1. (MSPEC 2016:CF05)
(a) du = 2cos2x dx
1

f6 utdu
0

615!
[_5—]0

6
5

i 2
alist ATAR Course Units 3 and 4, 202

2. (MSPEC 2017:CF3)

b1

i
(a) I=f_._'_aﬂzﬁ-—2-sec2u du
o(1+ tan2u)

n
e N |
w
(1]
i
==

[

=

.2
SINH , cos2u du

]
) &IH ©
0
Q
@
=

sin2u du (as required)

a
II
=1
& n
I O, 2 ©
w=13a

=13

1
(b) i{l —cos2u du

=1, sin2u
Z[u u ]o
2
8

=y

)=

3. (MSPEC 2018:CF5)
u = cos(2x)

du = ~2sin(2x)dx
x=0 wu=1

4. (MSPEC 2018:CF9)

(@) (VBtan(uy 4 1)2 2(JBtan(u)+1) +4



Bt e" J3tan(u)

dx = 3 seci(u) du

.1 u=0
= u
X

1
=X
2 ¥" ¢

"

jjsecz(u)du
(3sec?(u))?

n
Sy Sm

JBsecudu
3.3sec?(u)/sec(u)

"
Ol N ©

5. (MSPEC 2019:CF1)

I

3‘251:\(5_; + 9 + sin(%x —%) dx

b

2
= 3-"sin3x + sin2x dx
0

PLS
3[—cosi-lx il cost]2
3 2 o

(0-3-¢+)

6. (MSPEC 2019:CF6)
dx=2cos0de
x=0 8=0

=3 ==
f63

n

3
=4

n
—, Wiy
e
1
~
w
w5
=
]
Y
2
=
N
5

1 —sin26 . 2cos6d8

n
Ot Wi ©

=2 fcos26 do

Ot WIN

+ cos 20d8

n
NI
i Bk

207

7. (MSPEC 2020.CF1)
Since cos?y = 15 (1 +cos 2x)

-4 x
i"(l + €os 2x)dx —J’sinxdx
0 [i

- sin2x7* 7
2[x+ 3 ]0 +[COSI]3

=2 [(n+ gr%:) -(0+ 0)] + [cosx - cos0]

= [27] +[-2]
=2r-2

Chapter 15: Area and Volume

1. (MSPEC 2016:CA13)
d
2= ay
(@) 2=cosy T

Y 2
dx " Ty or2secy

o[t
0

JE)

[cosz—cosO]

1
2
=1 unit®

2, (MSPEC 2016:CA17b,c)
(a) X intercept at C (y = 0)
0=x-8
x=8=(8,0)

2

8
¥ ] 2 —8\2
(b)V-:z_{16—x dx + n{(%_a-) dx

=96
= 301.59 units® (2 dp)

3. (MSPEC 2017:CF8)
b

2
(a) Use V, = xfx"dy
a

Nowy= (x-a) h

b-a

Solutions
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- 3
3(b n) - -
or contmumg simplifying

= 3“, (b a)(i? +ab+ a)

- 3‘(ﬂ2+ab+b’)

4. (MSPEC 2017:CA12b)
Shaded area is the area between the curve and the x-axis
fromx=1tox=9(x mterccpt) subtract the area between
the tangent and the :r-axns from x = 1 to x = 3 (x intercept)

A=f(3-‘&)2dx‘f6-2:dx
1
= 4 units? (using Classpad)

5. (MSPEC 2018:CA15)
dy -
(a) 3¢ +82L =0

dy _ 322
dx 8
m=22" 45
8 -
y=-15x+¢
7==15(@2) +c
c=10
Sy=-15x+10
(b) On Classpad solve
3
Bt 15410
x=-4,2
2

Area= [(_ 1.5x+10)_(54+-\"’) v
-4

=135
2

¢) Volume =x (_ 264y
© f( 1.5x +10) ( - )dx
-4
=920.94

6. (MSPEC 2019:CF8)
5

(a) V‘ﬂf.tz dy

0
Now x* = y%(36 - x%)
11+fy3=36y1
2(1+y) = 367
2= 3600
1+y3

.'.VB;( 36'/ dy
1+y

5,2
(b)v=12”f-_l3 de
ol+y

=12z [In)1 *ﬂ]g
=127 [In126 -In 1]
=127 In 126 cm®

ics Specialist ATAR Course Units 3 and

4, 2022

7. (MSPEC 2020:CA9)

b
Vy= ﬂﬂﬂy)lzdy x= sin('{) +3.

V= :r}(sin(;'f) + 3)2 dy = 259.53 cm’

0
80% of the volume = 0.8 x 259.53 = 66.089

h 2
Solve forh  66.089 =7 f(sm( 5) + 3) dy on Classpad,
0
=496 cm

8. (MSPEC 2020:CA16)

(ay-1=% isin(ﬂzx.)
Upper semi circle is y = 1+ ﬁ,@
Area= Zf(l + ’sm(nz) )dx M":l‘s""“"rvebelcw)

= 3.0510 units?
(b) A= a7
A=nx1?
A = = 3.14159 units’
Areas in (a) and (b) are close but not equal. So shape is not
acircle.

9. (MSPEC 2021:CF8)
@) (y-7) =2-2
y-x =+ 4252
y=Jx £ 2 5*

sx20and2-x220
2242

- .ﬁ Sxs Ji

Sodomainis0sx< ./2
(b) The upper curve of the right-hand side of the heart is
givenby y, = /3 + D
The lower curye is given byy, = Jxup= .1:2 :

2
Sousing A=2 [ (yy-y,) ax

0

2
=2J‘J§+J2__TZ_(‘&+J2:dx
‘2f2~/27dx 4f o

Not
==ote: Could alsg yge the sum of the areas between the curves
of the heart andy= [
S

ie 2
{((yu_ﬁ)+(‘/5~ya))dx



2
2
=4 2-x"dx
A {
Iﬁﬁsiﬂa x=0=0=0
dx = J2cost x=2=30=10
7 2

e

Area=4

2 dx
h_(f3 Ldx
2 - (2sin6) 75 "0

J2(1-5in26) - J2cosfdo

n

oh. (] =

4

n

3
2
=4 _f (J/2) cosf - cost df
0

=8[cos26d8

Oy A

(1 + cos26) df

sinzZG:l:
5220

= 2 units?

-8

=

O S N

L
2

=4[e+

10. (MSPEC 2021:CA13)
(a) Centre is (10,0) radius of 10

0 (x-10)2+y?=10?
2 -20x +100 + y* =100
2 + y? = 20x as required.

k
bV, = Jrfyz dx
0

Chapter 16: Differential Equations

1. (MSPEC 2016:CA18) i
(8) max T.P. at x = 2 and slope field has symmetry an

shape of parabola so y=a(x-2+ba< 0
ut general differential equation required so

d
3%':2“(1-2).11<0

Solutions

d
(b)‘-‘.-g =2 (x-2)

0.5 =2a(1 - 2)
1

a=-a
=-flx-2p+b
2=-2(1-27+
b=2
4
Soy=-(x-2)2+2
4 4

2. (MSPEC 2017:CAl1)

4y o1y= L =_1
@ 2 OD= 553" "3
(b) Vertical, straight up and down
dy o _ 1
©Z -1
-y
%= [

2y=In |x-1| +¢
put x = 0, y = 1 into function
c=2

.-.y=%ln|x-1|+l

3. (MSPEC 2017:CA17c,d)
dA _
(@) 7 =-044

So A = Age ™ is solution
A,=8
o A=8
(b) Solve
0.01 = 8¢
¢ =16.71 seconds
Appears to stop after 16.8 seconds

4. (MSPEC 2018:CA18)
(a) 60 =k (100) (1600 -100)
60 -

150000
k = 0.0004 as required
dN
i ot
= 0.0004(500) (1600 - 500) - 0.25
= 55 people
© %’ = 0.0004 N (1600 - N)

(b) 6N =

dNs
Nusm_N)-fo.oomm

B 1 = (0.0004 dt
mfﬁ*leuo-wd” J

_1_[In|N| -In |1600- N|]=0.0004f ¢
1600
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Creelman Exam Questions: Math
- o fimiting size = 01 -70000
since N 2 0 and 1600 - N 2 0 (max N is 1600) (b) ais the lim 530500
N =
i ) -os -
70
(T - 000=—7
-lbm_N"‘Acoul (A cb) 30 1 +bcu
t=0 N=100 4
ﬂ =A= _1. b= 3
1500 15 ~ 70 000
N (084t (c) Solve 60 000 = — o1t
“ TN 15 s required haE
d®N _ t=20.79
(d) Fastest rate at -d—tz- =0 Year is ~-End of year 20918 +20.79
: ing the year 203 ;
;VOI;JCh OCEIHS at 1‘: = 800 (half way to 1600) ?g)d;j: r;)gart (:) P(t) continues to increase exponentially
ve on Classpa without bound 3 X :
e In (b) P({) continues to increase but there is a limiting sjze
1600-800 = 15 whales that can never be exceeded
(bound) of 70 000 whales that be exceed
In15
or —= =t=42313 hours
64 7. (MSPEC 2020:CA1 9)
At12.14 pm =0 P=001
(a)t=0 s
Size of population is 0.01 million, so 10 000 tonnes.
5. (MSPEC 2019:CA11) (b) k is the limiting size, k =24
ay_ 2=
a) ol = e =1 ) 0.3 o 1
()dx 0(2)+1 r—ﬂ—goro.lzs
(b) y dp _ 1
=_-P(24-P
— 1 a8 ( )
r 38 Ml e ol i s o (©P=05
e L i o — == g i gi g ol b d ¥
N o i e e ol e o o o o o A A Tncremental Formula dp ~ 75 - O
b — L ol i ol ol i <l Sl ol ///
il ol el o ol o o o o o - Using part (b) for %’
e "‘/f/‘ 4444 x 1 1
L S S St - rardrd P 4 a_'— ~ = (U. 2.4- 8 -
N R e ,,/,‘ " 1 ‘SP 8 (0 5)( 0 5) 12
B B = 0.009896
I T :\ ! So 9896 tonnes.
) S~k 3 (d) Maximum rate of growth at halfway point between 0
e o s B ol ol o BB and limiting size.
1 — — -.\._‘RJ ~ N N SoatP=1.2
S ] bk e ) ~ ~ NN
dp - 1. 12)24-12)
d x dt 8
@ Y-
dx 2y+2 =0.18
i So 180 000 tonnes/
+2dy= [xdx year.
Jy 2= @ P
2 A
y’ +2y= :iz. +c | ! >
Subst. (2, 0) gitzfes c=-2 [ ;
x - } B
oo +2y= =" 2 s oMy GRS IR e S e
or 2 +4y-x*+4=0 | - E
| ! <
\ i 1
3 >t
6. (b:{l}SJPEC 2019:CA17) o 10 20 20
(@) z;=01P sttl?tftt;gga §°m P =13 and plot points from original graph
s0P= P alter gt R, ol graph s sppedt 1Ty
e point of inflection I which is close to our initi2

30 000 = P19 Population of P=13
Py =123 whales * Patt=30 (on original) is  ~ 12 (on this graph)



- dl - Uo—141 Solutions
dx

) Dist =203t
g stance 2fmm+(12x1.2)
4 0
=176 m

2. (MSPEC 2017:CA
:CAl17a,b
(@) SHM 3 = -k )

Withk = 7

Since starts at origin a
X=Asin(at) (A> 0)
U = %A cos(xt)

t=0 p=8,
81=naA

A=§

- X =8 sin(at)

nd moves right

2ydy = |(x-1)dx : y
(b)_[ yay le (b) Distance=ﬂ8ncos(ut)| dt
0

5
B ==X tc
v 2 =80cm
1
O3 =c=7 3. (MSPEC 2018:CA13)
dv
aja=p- 94
@a=v T
=v(-2x?)
< 2(-
-3
_4
°
dx _2
® 73
[rax=[241
2
5= 2t+¢
t=0 x=2
2
-22—= O+c=>c=2
P=4t+4
. i x=1J4t+4
Chapter 17: Modelling Motion
x=.Jat+4 (reject-vesince t=0,x=+2)
1. (MSPEC 2016:CA11) & edtid
@o=kt . 4. (MSPEC 2019:CA18)
(3 e (a) Goes through 2z radians in 72 seconds
'=0,'0=0=9C=0 _Ziz=£ d
50 55 uag Tach/ bec
U TE (b) At the start of the ride no rotation yet so 6= 0 rads and
t=4 p= y(0) =-80
it Substituting
12-k:4 -80 = 80sin(0 + a)
2 -1=sina
24,0 B
'ig = k a -E'
ity R 2 (c) 100 m above means y = 20
160, .20 Solve 80sin (e-’_z') =20
dv
vl di ot 8=1.8235rads
= 3 ‘_i.! = éz » d—g
o' % Now.. 3 = do .7
il b g
= 5201 = 80cos(9— ) %

3
106 °F 0.03m/s

211
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at 6=18235 :‘:"F’ =676 m/s
dyo==2 = 80si 11'. =
(d) 3! SO y(f)=80sin (36 ;)
=7, at_x
V(0 = 55~ 80cos(35-3)
2
-1 . [t
y'(f) ? 805m(376- g)
..;rz T A
y'= F_|,¢wh1chlsSHM
(e) Will be the situation at £ = T76 of 72 seconds = 31.5 sec
Require '(31.5)

= 80x at_n
¥ = 35'cos(%-3)
att=315 y'=267m/s

5. (MSPEC 2020:CA14)
L
(a)a o

Now dv_ -0.2
dx

S a=p(-02) =-0.2v=-0.2(-0.2x)
' =0.04x
(b) No, for SHM a = -k*x. This is not possible since a = 0.04x
cannot be expressed in the forma = -k x,
() t=0=>x=4
v=-02x

dx=_
i 0.2x
f"—"=f-o.2dr
x
In|x| =-0.2¢+ ¢
Ind =¢

~In|x| =-02¢ +1n4
In|x| -Ind = -0.2¢

In|3]|=-02t
x=2
In|3|=-02¢

t=3.47 sec
Note §=e*’2‘ (€°*>0)

x =4¢92%

6. (MSPEC 2021:CA12)

A =15 metres
SRR
a=-(1)2-10

=-0.110 m/s?

(SHM equation)

d 4, 2022

cs Specialist ATAR Course Units 3an |

Chapter 18: Sample Means and_
Probability Distributions

1. (BCDMAT 2010:CA18a, 5
(a)(T—v N(122,25) = P(T > 16) = 0.0643

Let X denate the average burn time from a randop,
sample of 1000 matches.

.2, —— ( . i )-'0.4 9

2. (MSPEC 2016:CA1 9a,b,c.d)
15
(a) Normal p = 175, oy = _JET—(-)

P73 < X <177) = 0.6542

(b) total 896 kL => §5?3—° = 179.2 per top up

P(X <179.2) = 0.9761

() Inverse Normal same j and o as parts (a) and (b) from
Classpad a =169.5, b =1805 (1d.p.)

Z-o )2

(d) Usen > (Tolerance

(2.054)15\2
= ( 5 )
n>37.96
n=38

3. (MSPEC 2017:CA9)

= _ 675
(@) T_iv (n=1507 = T/ﬁ)

P(10s T<20) =071

(b) Diagram will be a Normal Distribution bell curve with
amean of 15 and Standard Deviation of 4.74.

<0 2010 10 20 30 4o & eq I imhutes)
4. (MSPEC 2018:CA12)
(a) The sample means (n 2 30) are always Normally dis-

tributed (u, (%)2) no matter what the parent distribution

is (in this case exponential distribution) provided sample is
randomly chosen.

o X=N (20, (2 Y
(= (F))

(b)P(15 < X <25)= 0,929

f;) ;VILII not change since it doesn‘t matter what the parent

0;58 thutlon (whether exponential or a more com plicated

distl’b € sample means are always assumed to be Normally

Whiclh uted and the parameters only dependent on y# and 0

50 >are “n(:hfmge"l along with n = 50. The sample size of

(n _30) confirms the Normal Distribiitice
&lf(x >25)=003 (Given)
in th:‘}\lrme il sampling standard deviation that was used
ormal Distibution to get the probability above:

212



Classpdt \M2 = @Lilvily)

9~lve (nol’n'l CDf (251 ml x.r 20) = 0'03
+= 265845 (Sampling Std Deviation)

g =
sincex=:/—’_; and 0'"20

n =57 (56.6)

5, (MSPEC 2019:CA14)

@ T is approx. Normal

Std. dev.5= ——= 2

(b)p(%>s3) = 0.0668

(c) Smaller answer.

The greater the value of n, the smaller th

deviation. The Normal bell curve would be s‘:ilf?:xﬁ:g
around the mean but higher and more bunched in the

middle so the probability in the tail greater than 83 will
be less.

(d) P(T >82) = 0.1 (by symmetry)
P>k =01
Using z~ N(0,1) k=1.28155
82 - 80
Solve 1.28155 = -
Jn
n=164.2
S0 165 trucks need to be weighed.

6. (MSPEC 2020:CA18a,b)
(a) % =7.3 g/biscuit

A
Std Dev. of the sample mean is — .
d alD

Using the mean of 7.5 with the Std Dev. of 15 and the
/50

Normal Distribution P(x <7.3) =0.17.

(b) Using * = u for the sample.
Pu-02<pu<pu+02)=098
P(-02<2z<02)=098

Now z = %‘

Jn

Solve 2.3263 = £

7)

Jn
n=304.4

S0 305 need to be sampled.

Alternative solution is touse E=z - 75_- with 98% C.L
n

0.2 =2.3263 (%/—g-)

n =~ 305

7. (MSPEC 2021:CA15a,b)
@T-N (.u= 3,0: 2'4)

Jé4
PA50< T <210 = 0.904

Solutions

®

ENENEENNNEEEN

1yp 8,8, .4 B & .7

Chapter 19: Sample Means and
Confidence Intervals

1. (MSPEC 2016:CA19)

Use a 99% confidence interval for Wolliw, i
orks to see if
=175 L (SavaDaWater) is within C.I. g

X for WolliWorks is 6570 + 36 = 182.5 L

1825 + 2576(15)
36
176.06 - 188.94 L
Even one of the widest (99%) C.1.'s does not contain
p =175 L (SavaDaWater).
This is significant. So, yes, claim appears to be true that
WolliWorks is using more water than SavaDaWater.
(Possibly wasting water)

2, (MSPEC 2017:CA13)

400
(2) 10,300 £1.96 *
J100

10,221.6 < p 10,3784

(b) (i) False. Not a certainty due to random sampling and
variation.

(ii) False. This one cable could have been manufactured
poorly by machine or operator error and not within the
C.I. interval. Single observations have a larger variation
than the sample mean and may fall outside the interval for
the mean.

(c) Jon is incorrect. Since n 2 30 the sample means for cable
strengths are Normally distributed.

(d) Solve

St Z vt
n=(49)
for Z withn =36
o=>500,E=150
Z=18
Using Z ~ N(0, 1%)
P(-1.8<Z<1.8)=0928
- 928%C.L

3. (MSPEC 2018:CA16)
(a) X =40.62 - 0.5(1.08)
= 40.08

e
(b)E-Z Jr-l

54 = 2576 ——
0o /300

s=4.19
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¢) (i) True. Width determined by z, s and 2. )
él)nfsg zand n are fixed (z = 2.576, n = 400) then §1 tzesogz
parameter left to affect the width. The width al? width.
directly proportional so an increase in s increases the e
(ii) False. It is possible Tom's doesn’t overllap duetora -
sampling and the variation of results this can produce.
doesn’t mean that Tom's sampling ‘must’ be biased. )
(d) With only three confidence intervals we cannot be certain
which of them contain the value of p due to the rando::ll
variation of sampling results. However a clearer picture wotl;ﬁ
emerge with a greater number of confidence intervals. If l 3
was the case then the overlapping confidence inter%}]s wou
be very important in determining where the population mean
may lie.

4, (MSPEC 2019:CA15)
(a) 40 £ 1.645 (3)
35.06 - 44.94 minutes

s=
(b)'ﬁ 3

S=3.n

November sample std deviation is B

S
= 34

2n
3

12

=212 mins
(c) C. The greater the sample size (3n) the less the standard
deviation of the Sample mean and hence the less the
margin of error, meaning greater precision.
(d) We cannot be certain which one if any contain it. 10% of
C.I's in this case will not contain the true mean.
It is more likely that A will contain it, of the three, since it
is the widest (biggest standard deviation) but cannot be
certain that it does. Also true mean unknown..

5. (MSPEC 2020:CA17)

(a) x=175
(b) Sample Mean Std Dev, = -
Jn
Since z - S = 25 withz=1.96
n
gives S = 12.76
Jn

(c) P(165 < X < 185) is required

Std Dev. with sample size doubled —>_ = _S
2n fa.fn
1 S

"B

1
== 1276
V2

=9.019

X is Normal (175, 9.019%)
So P(165 < x <185) = 0.7325

6. (MSPEC 2020:CA18c)
Will use a 95% C.I. for YouBeautChokkies i

; t .
hlgh_er than and does not contain the 7 frornoBisl':;:i;f v
(wl"uch would be significant) to see if Charlie C}:'AreUS
claim is supported. Oldea's

Course Uihilto =00 70

; = 1090 - 75694 g/ biscuit
T 14

=18 015
Std Dev. i

95% C.I. is 7.5694 £ 1.959(0.15)

-7.863 . =
Z.ZO'/'fSBileBies AreUs of 7.5 does lie well within the interys|

e in it).
1. will likely contain 1 '
!(;eov Ei:?ﬁ’i Chokka is making a false claim. Appears 1o be

spreading fake news!
2021:CA15c¢) 1 :
DI s,

- 27 - -
Using X = 2.1and o3 = "_'q-o—o 0.27,z=2.576 (99%)

—(14,28)
1.2.142576(0.27) = (1 4,
gample size of 100 is large and adult ¢t = 3 does not Jje

within the C.L. so the claim appears to be supported by the
data.

8. (MSPEC 2021:CA17)

(a) (300, 500)
(b) E =100
S
100 =1.96 (ﬁ)
S iati = 100 _
(—») = Standard deviation of sample mean T5¢ =51
n .

(c) 200 — 50 is % of the width of C.I.

1..1_8§
ZE i’ T
2 S
= z .
16n
Sample size of 16n required.
S

(d) Now T =51.02 from (b)

S T 1

-— = —=.—==— (51.02) = 36.0:
TR - A e
Using a Normal mean of 400 and a standard deviation of
36.08 to find P(X < -50 or X > 1t + 50)
=1-P(u-50< X <p+50)=0.1658
(E) There is a slim chance that none of the four may contain
the true POPLﬂaEiOn mean. The least wide of the intervals
;u'e Cand D wx-th smaller standard deviation for D and
afcgie}: sample size of 21 in C which cause the interval
V\;l t t_° be less. B will be the widest as the greater the level
of confidence the wider the interval. So B is the one that
:::’d }?PPEar more likely to contain the true population
® (il;‘A owever no guarantee it lies within any of them.

— Since width is affected by level of confidence.

Smaller the leve] of confidence, 95%, the less the width.

(ii) C has width 2:25 _ 42 - 25

Nin
D has width 22(0.85) _ 1.625
Jn an

Since /2 .,
214 <16, the smaller width interval is C.

214
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